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2. Vector & Matrix
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2.1. Understanding of Multiplication

matrix-vector multiplication Ax=b, 18|11 matrix-matrix multiplication AB=C¢]] tj3}] ¢ o|a}|5] 22} F1 2
vectorgl 5HH 7|22 © 2 column vectors 2]0|3tct.

2.1.1. Matrix Multiplication

Z1 1} ZFo] matrix multiplication-2

rr

Matrix Multiplicatione ¢;; = >, ayb,; 2 AATECH 35 A&}
inner product2til k. $tct.

matrix multiplication®]] T3]A]+= associativity (A HZ) 2} distributivity (8] H21)7} st}
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2. Column-wise way
Column-wise way+= Ax=b& A9] columnE9] t$t linear combination(Y2FAgH o 2 HE= HFAlo|tt(li
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2.1.3. Linear Combination of Rows

Qrol A vt A4 AxE linear combination of columns of Ao]tt. SUgHMAl 0 2 o] 25 HH 274 =
b7 = linear combination of rows of A¢l A1 0 &2 o]t &= Qith BE o]uf b ATy = ho]|B &2 Az = bo]| A Q]

boli= ThE gtolct.

ai;p Q2 a3
[1’1 L2 2133] az1 Q22 @23 :[bl bo 53]
asi1 asz2 ass

x1 a1z a1z aiz] +a1fan az ass] +wyfas asx ass] =[b1 by bs]

B2 A E 2TA =0T ATz = b} 224, o]= T4=6] AE transposedt 20|22 linear combination
of rows of AR o|3|& 4= Ut

Z, AE5IH AxEL A9 column vectorE2] linear combination® &, xA & A9 row vectorE2]
linear combination® 2 o|3fg 4= Qlc}.

2.2. Matrix Multiplication

2.2.1. Matrix Multiplication

column vector, row vectoro] TSt linear combination®] = Hol|A] matrix multiplication2 o| s H 2. A
7122 0 2 matrix A, B, Cof| t$F matrix multipliaction AB=C+= A, B, C2] ZF ¥4 a,b, co T34l oF=fj <t
2ol bl % 9l



Cij = AixBi;
k=1

ol C9] Zt row®} columne A9} BE &85l linear combination® 2% YERH 4= QI A5 A & matrix
multiplicationS A Ztel] HH C9] ZF row= 2 5% A9 rowet Bof o3t multiplication, C2] Z} column+=
A%} -2 5= B2 column®] gt multiplicationo|th. &, AQ] i rowE af, BL| ifA] columng ¢, C9J
AR row E+= columng ¢f, cfol2f o} ofefj o] =2o] AJgiet.

Ab =¢f, a]B=c]

7 K3

Al &5, AB=CoA C29 Z} column A9 column vector?] linear combinationo]1, C2] Z} row
L B9 row vector®] linear combinationo|t}.

Ax7} A column@] linear combination© 2 eI 4~ QIth= -2 Ax7} A9] column spaceo] EFHEThH= 71011,
o]& Ao 2 el Az € C(A)o]t}. T3 multiplication2 A 2] o] YRR TFASHA L ABCx € C(A)
ojtt. 6] BCx = 2'02 J= 202 FHPHH

2.2.2. Matrix Multiplication Tt274 Yehy7]

1. Column¥} Row?| Fo=7 Jer]7]
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2. Submatrix®] Fo=2 Yery”7]
=

matrix=S ]2 submatrix 2802 Uk, 2 B83 AR 0 2 FHF5) matrix multiplicationg AAFF
> qle.
AB = {1111 a12} . |:b11 512:| _ [aubn +apby;  aybis +012522]
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2.3. Rank

2.3.1. Rank

1. Rank
matrix®] Rank: 3% matrix2] column space?] dimension®]t}. £, linear independent$t column®] 74>




0]z}, image®] dimension©]|t}. rk(A) = 29} Zo] ® 7|t

0] 9] 9] matrix A2] rank= AT 9] ranke}t Zth =, rank: o matrix®] row space?] dimension©]1l, linear
independent$t row?] 742 18 £ 9t} A 5H rank: linear independent?dt row E= column
9] &= AL 4 k. o]uf 5Ft2] matrixo]] t3)A] independentdt column®] 742} independent$t row
O] /N7t FYSIE R, rowe} column F B 42 ZH ot @4 rank7} 2.

elementary operation> rankE HEgt}. ofof e} ¢ 2] 9] matrixe]| elemination-& 4-85ff pivoto] EA5H=
column®] /|2 rank=s 313 4= Q.

2. Full Column/Row Rank
919 m x n matrix Ao T3} column/row®} rank7} 22 7 -$E Full Column/Row Rankz}i! Strt.

1) Full Column Rank
BE columnE©] independentSt 70|t =, pivoto] E columno] 4| st

o] AL Ax = bol|A] pivot variableo] €] |49} 711, free variableo] $it}. free variableo] $17]% 3},
dimension theorm®]| ]3] N(A)E= FF7FOIth. Zeomplete = Zparticular ©JEF. b7} A 9] linear combination?l
AL W n < mel AL A H7F ZAL AL oPUL, 1 = mel ALl ivertibleo] L2 St
EAgt

2) Full Row Rank

E rows9| independent$t 90|t} =, pivoto] BE rowo] ZAgtct.
o] AL Az = bol| A BE bo]| ti3l si7F EAgttt. n > mQl -9 rank(column space®] dimension)7} mo] il
column2 Zo] m9] vector¢]| 22 colum space= R™o|t}. o]of wat 92]9] Zo] m vector bE column?]
linear combination® 2 W& 4= Q1o B 2 ShAF |7} A5ttt n = m<Ql -2 invertibleo| 22 7} £A) 5ttt
3) Full Rank
m x n matrix A7} 7}48 4= Q)= 71 2 rankS 7H2 o, Full Rank#tal Sttt =, full column rank T full
row rank?Ql 3¢S oot

full rank7} ©}'d matrix+= Rank Deficient2}1l
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2.4. Invertibility

2.4.1. Invertibility

1. Invertibility
nxn PA Aol 5| AB = BA =12 nxn P& BE A2 Inverse Matrix(gPH)olzt 5l A~ 12
F7]gttt TS o] H matrix”} inverse matrixZ} £A5}HH Invertible(719)o]2tar it

oM = tFE R AT, invertibleQ] matrixE regular/invertible /nonsingular matrix2k1l S}, non-invertible
0] matrixE singular/non-invertible matrix2}il gt

n X n matrix?] invertibility= ofg]|Q} Z-& 7|F o2 Tto| 7155t
1. rank”} no|¥ invertible
2. determinant”} 00] o} invertible
3. Ax=0g WEA]7|E 00] obd HlE x7} ZA5FH non-invertible

n x n matrix A7} invertibles}7] st W Q=B X AL A9 rank’} nQl ZAo|tt. =, non-singular matrix?<l
ZA3} invertible, rank”} nQl AL = 2] Hajo|ct.
n X n matrix A7} invertible©]™ rank”} no] 1 nullity7} 00] 22, systems of linear equation Ax=b= -Gt

& A 'bE 7}A. T3} systems of linear equation®] a7} - sHA nullity7}F 091 Zo] B2 AL invertibleo|t}.

2. Inverse Matrix F-5}7]
invertible®] matrix A2] inverse matrixt= (A|I)°] elementary row operationg Z-83f] 118 4= it} Ao
HFote 22 5P R THEH A2 Q= (11B)o)A B7F A2 inverse matrixo|th.




o|tj] elementary row operationg ZA-85l= AL o e} ZHo] elementary matrixs o= Al Zonzg
EA =1, E = Bo|t} & E ZA7} A9Q] inverse matrix©]|tt.

E, - BB\ (A|I) = E(A|I) = (EA|E) = (I|B)

2 x 2 matrix A°] 34|, inverse matrix= th-23} 21l det A # 00]H Ax invertibleo]tt. A4S HH
wredsl] Aee.

1 x 1 matrix A 9] inverse matrix= S| Y4 2] k2 94 FHSH Ao|th

3. Inverse Matrix2] A2
inverse matrix®] A2 2= otgf¢t T2 ZAE0| Ut

1. gojof et AA™1 = A71A = [7} At
2. (AB)"! = B~'A"'o] ¥t}
3. (A+B)' £ A1+ B!

I35l invertible matrix Aof tgt inverse matrixt= 35}t

2.4.2. Singular Matrix

1. Singular Matrix
column T = row”} independents}A] 92 matrixE nxn Singular Matrix(E°] 98)zt1 6}17, dependent
St matrixE Non-singular Matrix2}1l gy,

rank”} n©] o} ™ singular, no]®¥ non-singular®]|th. =, singular matrix+= non-invertible®] 11, non-singular
matrix= invertibleo]t}. invertible¥} determinant”} 00] ofd A& TWQg=Ho|BZ determinant”’} 00]H
singular matrix, determinant”} 00] o}Y ™ non-singular matrix©|tt.

2514, singular?l A3} non-invertibleQl A¥} determinant”?} 0Q1 A-& %] WA o]t}

2. Singular2} Non-singluar?] &
n X n singular matrix A9} n x n non-singular matrix Be] ¥ AB = C-& 34 singular matrixo|t}. o=}
2ol ofe 744 o= o] Psat.

—

determinant+= PE & BESIER, & 5 SIH}9 determinant”’} 00]H det(AB) = det(A) det(B) = 0

ol
9,

shbehz Ajelngo] ol @ ABE e ool okl Bk
C9] Z} columnE A2Q] columnof thgt linear combination®] 22 independentd 4= $Ith. rank(AB) =
min(rank(A), rank(B))] ZAC =k o] 4= Ut

4) AFHeEE Fo] 7Fs5tth. C7F non-singulargtyl S 2 2o ofs Cx=0<1 0] opd x7} &4
5}2] et=th AV} singularo] B2 Ay = 0¢1 00] ofbd y7} £33, B non-singularo| 22 y = Bzl 00]
ot x7} A3ttt ABr = Ay = 0 = Cro]B2 H<o|t}.

)
|

2) PES AP o 2 7o) HHH, =
)

2.5. Transpose

2.5.1. Transpose

n x m matrix Ao|| J3t Transpose(Z3])= A2] rowe} column FHIE= dAto g2 AT 9} Zho] H7|glt}.
=, (AT);; = Ajioltt.

transpose= ofgfje} & AJA-S 7).
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nr
+ B) = AT + BTolt}.
— BT ATo|t}. BaaiAE (ABO)T = CTBT ATo|c}.

<AT>* — (A1)Tolth. AT(AT)! = 16}, AA~' = I'S tramsposestiL Hlis] 2@ % Sk olol
w}e} A7} invertibleo]™ AT % invertibleo]t}.

12, rank(A) = rank(ATA) = rank(AAT)olth. A9} AT A= null space”} o B g Azt Az = 0
ol AT Ax = 00]11, AT Az = 0,27 AT Az = (Az)T (Ax) = 0¢1d)] dot productsfA] OﬂHﬂE{?_] 718 oJul g
Wolng Ax = 00] /\‘1"’] 235} T3 transposedf| = rank7F 2o o2 o]l AAT O oA A HSch

=~ W N

transposes AFE-3f| inner product®} outer productE A 4= Qth n x 1 vector x2} yof s} inner product+=
-y =aly2 A= 7(A1}= 1 x 1), outer product= 2y’ 2 A JH (A= n x n).

3. Vector Space

3.1. Vector Space
3.1.1. Group

Group2 t}23} ZHo] &4 911, 2
G:=(G,®) & F7|3Ht}

b

W 2jo] Yyl G5 At o] ZASHE Aato] JYok AFOR,

-

Definition 2.7 (Group). Zef G 2 A4 ® : G x G — G 71 G ofl Chisl] Fol=|o] S o), Of2He] ZAS BtF3st= G = (G, ®) & 2E0I2tn #ECH

1.ClosureofGon® :Vz,y€G: 2@y g
2. Associativity: Vz,y,2 € G: (zQy)®z=2z® (y ® z) (BE

3.Neutralelement: Je € G,Vz € G: z®e =z and e

4.Inverseelement:Vz € G,y € G:zQ@y=eandy®@z = £ 271 2 x9| inverse element(S)0|2tD E7|ELIC 07| M e = &5

e LIEHLICE

ojuff Va,y € g TRy =1y®z’} AY3t= GE Abelian Groupo|2t1l gttt = commutative( W EHH 2]) 7}
A A58 T

o & £, invertible matrix2] $H2 matrix multiplicationo] 3} group©]A|qF, matrix multiplication-& com-
mutativeZ} AH3}A] ¢F O HE 2 abelian group< ofyth.

3.1.2. Vector Space

1. Vector Space
Vector Space(HlH]-Z7t) = scalar JF1} vector 2ol thsll Bd Q&= vector®] Hgto|tt. &, ofgf o] =4
WEA] 7| = o Lto] ,JE] gt VE= vector spaceo|th.

1. RE 2z e V,ye Vo td] 2 +y € Vo|th

2. BLE scalar a®t BE x € Vol thd]| ax € VoJtrt.

vector spacew= vector o] T3t abelian groupo| 1!, A3t QH 9] xﬂ(ﬁeld)oﬂ 25t scalargs -85 o]
= Hetolgtn k. & 4 ot o|uff vector T2 inner operation, AZF S outer operation®]z}

(inner/outer product@}= e o] gict.)

tlo

El
A
o
k)

Aolof oaf FuEut EAct= I} vector space©]il, o] F Zero Vector Space(%H E-F37t

i &, 437
231 St} zero vector space?] dimension& 0o|t}.

9

R*& n7f|9] A4 7k &40 2 3= vectorg9] gt vector space©]il, linear algebra®] algorithm2 F=2
R o1 EAsE.
2. Subspace

o] vector space©] TSt Subspace( HBZHS
o disf &9 = F

1

N vector spaceo]| 4] A ]S} scalar &3} vector space
Ut=E A 7]= vector space?] HEAS Wi FHd vector

Mo
ey
)
o,
_:L
N
_C,L
L
1o
Ex
M
o o




space?] subspace©]|Tt.
L. BEzeW,yeWo tis] z +y € Woltt.
2. BE scalar a9} RE x € Wof tjdf] axr € Wo|tt.
3. W Vel 593t 0 vectorE ZeFgiet.

matrix A9 column-& spand]] AJAH vector spacerx= Column Space(g-37H =t st1l, C(A)2 E7]gH}
k72 &2 rowS spansl] A Al H vector space’= Row Space(274) 2t 5111, R(A) = C(AT) 2 E7|5t}

A olof 2]} 0 vector§t £ 5F= vector space= H-E vector space?] subspace©]Tt}.
vector space]| tiet AAS A o)7} EA5}7|= SkA[RE, o 7|0 A= o] A= =R A2t

geometric vectors, polynomials, audio signals, tuples 52 H5 vector space® Aol 4~ ¢Ja1, ZFZH2 vector
oIt

matrix Aol ol Az = by, Ar = bo= S7F EASIIL Ax = bz= o7k EA5HA] o ed, FASHA L b1 b2 A

B cohumn spacke] AN bt £SO T A A% AL AL 7 Hol b byat ol b b
T} b9 9] linear combination® 2 95 4 ¢l Agtoltt.

k1 2 P2} Lo] vector space V& subspaced W], W ASHA| & *PUL-L subspace©| T = A A o] 11, ' PNL-E subspace
ojt} & Zroltt. vector B /= S o] 7Hs5ith,

matrixE°] tJ$t vector space= F2 MO 2 HE7|Stc}. upper triangle matrixo] tf$t vector space P, symmetric
matrixo] o3t vector space S, P N Sl diagonal matrixo] T3t vector space 5 M2] subspace©]|tt.

3.1.3. Column Space and Null Space

1. Column Space

m X n matrix A2} Column Space(C(A))= Ay = 25 WEA|7]= vector x| H<Ql vector spaceo|tt. =,
A 9] column @] linear combination © &2 XA &= vector spaceZ, R™2] subspace©|T}. column space:= image,
range@t1l T gttt

column space”} subspace®-& vector &3} scalar Fof s 25 Q= Ao =2 47
FASHA = Ax=b7} & 7}A]HH b AQ] column spaceo] EA|3}|oF Stct.

A 9] column space?] dimension2 A Q] rank®} 2t} &, dim(C(A)) = rank(A)o]tt.
2. Null Space

m X n matrix A2] Null Space(N(A))= Az = 02 TW=A|7|+= vector x9] 3
Az = 02 Z9] null spaceEs & 4= 911, A9] null space’= R™2] subspace©]|t}.
null space”} subspace -2 vector &1} scalar 30 tfsf] B9 = Aoz 474 £
vectoro] B2 null space= R™2] subspace©]|t}.

o|N

s

sk

% siet

S}ol vector space®|th. =,
ke

rnelo| 2t & SHCh
&4 Ut ol x=nx1

Ax=0& TZE35}+= x(z # 0)7F EA5FH A= non-invertibleo|t}. = null space”} zero vector space’} opU™H
A= non-invertibleo|t}. o] A column®] linear combination© 2 (o] FHE-o{2 4= QJt}= ZJo|al, linear
independents}z] ¢ro B2 i35}t

m x n matrix A7} 7FZ]= null space?] dimension2 A 9] n-rank®} 2t} =, dim(N(A)) = n—rank(A)o]t}.

A=, Ax=bE TrHA|7|= x9] F3to] 4 subspaceo|th= AR o]t} F oA AHE A subspace?l 749
UL, 2FA] GF2 HE QL

3.2. Basis&Dimension
3.2.1. Linaer Independence

ofd vector52] HF {vi, vz, v }oll A B A2 WEA]7]= 00] obd scalar ci,ca, -, ¢,0] &
ASHA] ko™ o] g2 Linear Independentsittil o}, = i vector£2] linear combination © &
o Ei% 1HS 4= 912 linear independentd}tt.

F
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civ1 +covg + - -+ cpu, =0

HEE s 4 ok AL g HAgE Yo Al LB vectorE2Q] linear combination© 2 TFE vectors TH
] 23}, linear mdependentOI-E]-L AL g A ol 22 R3St vector7} EA5}1A]

vector vy, - -+, v, 22 columne FA3t m x n matrix A AY 7—."6‘]-7(} 3t vector A gHo] linear indepedent§t
Z(rank7} n)}F N(A)7} zero vector space@l Zl(nullity7} 0)2 H @ ZFo|c}. o]of utz} Aof th3f elimination
2 Z-83) rankE AAHS}o] independent ]2 &1 4 0111]-.

3.2.2. Span

oH vectorg9] He {v1, v, , v, }oll WA T vectorE2] linear combination © & vector space SE AJ
A% % 9o ol 81 vectorS©] 18- spandlo] S5 AT 3L, o]th A4o] A vector FgHE
generatlng set, A% vector spaceE Span(FAAF7t) o2l gt

0153 vector 9 & spanF-S o vector space V7| A& E=2]=, 1 vector space°] &ol= J2o]9] HIE v
£ 39 linear combination® 2 Ve 4= 982 Ho|H FH ). o]uf eliminatione Z-235] RREFZ ey H
o thash 2 )

i =

o] vector -2 spandf A AASt ZeS FFHAF vector space©|Tt.

o E°], matrix A columns29] oS spanstH A2 column space”}t THEo] %It

3.2.3. Basis&Dimension

1. Basis

o] H vectorE2] A 8 = {v1,v2, - ,v,}°] 1) linear indepedento]HA] 2) spanF-& W vector space VE Y
Asithy, o] f= . V_J Basis(7] 11) 2}17 Sttt =, minimal generating set©] A}, max1mal linear independent
seto]tt. ba51s Z vector spaced] Jof] EF& o2 A 5t= AL Standard Basis = Canonical Basisg}1!

o] 271& THEHAI7]= vector AL oA MY 5+ YoBE FASHALE o]H vector spaceol] g basis=
T Lot 2, T LI vector spaced]] HofA 2 BE basist= 1 @40 47t A D)

basis+= generating set-2 22 t}-2 i setQ] vectorE columnC & 3= matrix AE FAASH 5, Aof tigt
RREFZE L5} pivot column €]2]of] ¢ vectorS©] basis7} T}

2. Dimension
vector space V 2] basis7} n7]]9] vector2 o]Zo]Z o n-S V2] Dimension(Z}9)o|2t1L

U7} vector space V2] subspace®]® dim U < dim Vo|t}.

0|

gt

3.2.4. Fundamental Theorem of Linear Mappings

Fundamental Theorem of Linear Mappings T+ Rank-Nullity theorem T+ Dimension theorem-2

thg o] -400] ARTE oo,
dim (V') = dim(ker(f)) + dim(Im(f)) = nullity + rank

oJuff V= domain(A 2] H)o|tt. rank7} dim(V)Eth 2F 9 null spaceo] FHE]7} obd A7 EA 51, o]
A9 Ar =02 D] B 618 7t

3.3. Four Fundamental Spaces

3.3.1. Four Fundamental Spaces

13



rank”} 1@l m x n matrix A= th2 123} ZHo] 47}2] fundamental subspace2 0|38 4= Q)1t}. orthogonality
Oﬂ et W82 oA mt= thE

=, Ax=boJ| A x= A4 A9] row space?} null spaceo] £¢F ¥42] gFo 2 YER 4= 9131, b column space
9]— left null space®]| —’—OP A4 0] gto g ehd 4= 9t}

dim r dim r
column

space

b

nullspace
of AT

nullspace dimm —r

of A

dimn-r

1. Column Space (C(A))
Column Space= &rof| A th& Z A& o] m vector?l columns-2] linear combination© 2 A A &)= subspace
o|tt. o|uf] 4o] mQl vectorE0]|R 2 R™ 9] subspace©|T}.
column space+= pivot variabled]] tf-8-& = ¢ %] o] ¢l+= column(RREF 9] pivot columnit= th&.) 59 g
basisZ 7}Zt}. dimension-& ro|th.
2. Null Space (N(A))
Null Spacet= oA ofE AAHH Ax=0Z TFHA|7]= 20| n vectorg=2 /JH subspacez, o]¢] ozt R”
9] subspace©]|t}.
null space= special solutions2] Z -2 basis2 7}2It}t. dimension& n-ro|tt.
3. Row Space (C(AT))
Row Space= Z o] n vector?] row=2] linear combination © 2 A &)= subspace©|t}. o]uj] o] nl vector
Eo|B2 R"9] subspace©|T}.
row space= A°] T3t elimination2 £3f] -2 Roj|A AE 00] otd row?] H -2 basis®Z 7}2It}t. dimension
2 ro|th(column space2t Ztt.).
4. Null Space of AT (N(AT))
AT 9] Null Space E= Left Null Space= ATz = 0 WEA|7|= o]l m
olof e} R™2] subspace]th. AT 9] null space= ATy =0, y7 A = 0L TH=
spaceg}l HEt},
left null space?] basis= TF23} -2 HIHH 0 72 18 4= Qlt}. dimension& m-ro|th.

o AT null space?] basisE 214 F3lc}.
A|I]0ﬂ eliminationS 83 [R|F]2 WA FH(EA=R AH), RoJA RE AE0o] 09 rowe} 5LgH
210 = B9 rows9] & 445k 117 basiso|t}.
o|t] Ex= invertibleo] 22 7} row= independentdtil, HE 0¢] row= m-r7f[o]|B2 o]Z A B.L row
=2 basis7} Ht}.

vectorE2 FAE subspacez,
Al7]= y9] Hgro| B2 left null

:Lﬁ

l
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4. Systems of Linear Equation

linear algebra®] W EA|5 Ay UxHFA A (Systems of linear equations)®] ez Lepd 4 Qlt}. 8|3t
QHtA © 2 systems of linear equations-2 matrix A2} vector x, bo]] i3] Ax=b &= Ve 4

systems of linear equations©| 7}&]+= solution(3f])-2 AU, 22 sho|AY, F45] Bot. & =7

O ofa|@ % 9t 7} cquation® RMA RS 0} AR Bhix] QA G HelA BhbA, Bad Be
Aol A JrAl Fe.

4.1. Elimination

4.1.1. Elimination

1. Elimination
Elimination(&AH)-2 A3 tj4=5tof A systems of linear equation?] S5 F5l= 73 7] E 2 Q] v o]
A, ARo| ket 42 olsfal Hlo] 25l 7o,

Gaussian Elimination (7} A% )-2 matrix©]| elementary operation-g Z-83l Row Echelon Form ()
AtttE] &) 682 TF== elimination©]| 17, Gauss-Jordan Elimination(7}F-A-ZH AA W)L L5 el-
ementary operationg 283 RREF(Reduced Row Echelon Form, 7|¢FsiAttt 2] &) 2 W= elimination
o|t}. o]|=F 7| elementary operation2 Z-85h= 722 Elementary Transformol 2} sttt

22, B wAjof A= gaussian eliminationg matrix AS RREFZ TE X eliminationo]| 2t A o] st

row echelon form-& ofgf|e] A = 1, 2 XZjE’l‘ TFZEA] 7] = matrixo| 1!, RREFE otgfje] 2748 2% dF
ZA]7]= matrixo|t}. o|uf] Pivot (W H )2 Z} rowol| A #2022 0] ofd YA o|tt. FATH = matrix AS
row echelon form © 2 HIAW-E o] pivot] 74L& A9 ranke} ZTh

1. 00] ohd HRE 1A rows RE GRo] 091 P} 9] 95,
2. 00] ohd AJEL 714 rows] pivot-S 1% rowe] pivot:th ¢ 20| 91|},

3. pivoto] ZAHE columno] A pivot-& A|2J3H ThE BE 9140] Zhe 00]ch. (pivote] ot B 0
olch.)

4. BLE privote] Zk2 10]th.

2. Elementary Operation and Elementary Matrix
matrix 2] row[column]of Tt o}2fj2] A ¢IAFS- Elementary Row[Column] Operation (7] 238 [d]A4l)
o|g} sttt TSt row?} columnof tfgt o] AAHES EE¢] Elementary Operation©]2} gt}

goh 2.
o scalargE Joh= A.

ow[column] 9] scalar S T|sl= Al

1. A9] & row[column|<
2. A9] gt row|[column]o]
3. A9 3t row[column]]

Elementary Matrix (7] 233 ¥
o]t}t. elementary operation2 %
operationg I,,°] 283 A)E

2 ek % 9l

S H

i}

o

E

rlo

g
N [‘IHJ

identity matrix I,,9]] elementary operation-2 gt HH Z]-85}o] A& matrix
5]-‘; AL 1 matrixo] H-2%]= elementary matrlx(% 235t elementary
H= AT ZH11, o]of Wt elementary operatione A-85H= A2 $SA1H 0

ok 2
ol ofo
rlr

15



ol elementary row operation2 Z-835l= 7Z-2 elementary matrixs 9Zo] 5= A3} 211, elementary
column operationg #-85= AL elementary matrixs 2220 4—0]——‘5 ZA 3} 7y,

A ¥ elementary operation®]] |t matrixE Elemination Marix(A 7 E)2, A WA elementary opera-
tiono]] t|gt matrixE Permutation Matrix(2|gH)2)2 B 27| 3ttt
elementary row operation row spaceS HE3FA|9, column space’= HE35}Z] gF=t}. TS 0]= elementary
matrixs ¢Zof H5t= A1 o B2 null spaces _H;__,_o]-u]- HiH elementary column operation< column
space= HZS}X] 9l row space ¥ null space= HE5}12] ¢F=t}. 52 T operation 25 rank= HZgHc}
g, B wAjo A& 3 elementary operation ‘scalar HjE Hsh= 2 thAl T3] 'Bsh= 2’02 A 9]
gt
3. Systems of Linear Equation?] Z9]
Ax=Db E 9] systems of linear equation< Augmented Matrix(Z7}8E) (A|b)]] th3) elimination& 2§35}
RREFE Wgsts Ao8 2 4 gtk
1. matrix?] Z} rowo] tiaf] oA o}z W2]7IA A elementary row operationd Z-23] pivot2] gtol 1
°]al, pivot¥} F ARt column®] F7E F offi&of = ASS 00= Tt
o] % ool A 12 =7PAA privotdt FLSGE column®] RS F $15 e AL 002 WEL
4. Systems of Linear Equation?] 3]¢] &4 o & Hot
systems of linear equation Az = b2] |7} Y2]9] bol thsl EA5=A]
PIEY
. A7} invertibleo] 1 57} ZAGHC}. T4t o A9 o — A-bo2 Shg ARrE 4 ek,
2. rank(A) = rank(Alb)o]H o7} A2ttt o] 742 A column®] linear combination® = bE Tr& 4=
et
3. (Alb)S RREF UERAS 1] 3291 540] 1} o] 9o ™ 87k ZAjsha] et

rr
i)
o)
1o,
ol
rE
ofN
315
I
Hu
e
aY)
rﬂi’ﬂ

systems of linear equation2 & o, elimination Al Z]3A 02 column®] linear combination® 2 WErA 4=
Q7] ST 4 G, of| S AbAR Feha e,

Ax=bo] 3} solution-E gaussian elimination AF5}AU, A7} invertibledt o] z = A~1bE AASEAY, = =
(ATA)PATHLS ol §5) 8 S QUAIE o] WHE BE Sugk A9 Mt EASH A4 Aol Ag)

71¢f costZ7} YF Attt A4 AA 2= Richardson method, Jacobi method7 Gauss-Seidel method, Successive
over-relaxation method®@} Z+-2 Stationary Iterative methods, T+ Conjugate gradients, Generalized minimal
residual, Biconjugate gradient®} 72 Krylov subspace methodsE £3f ZFd A 0 2 & stctal st

4.2. General Solution

4.2.1. Special /Particular Solution of Ax=b

Ax=b9] general solution& ZropH =}

1. Pivot Variable vs. Free Variable

elimination2 A-8&3-8 ] row echelon formoj|A] pivoto] £A5}l= columng Pivot Column, pivoto] =
A5F2] %= columng Free Columno|gtil ottt T ASH T pivot columndt £ A5 ¢ 2] columnE 2]
A2 column space?] basiso|T}.

a2, B wAjo A= pivot variable2 Basic Variableo]2tal g ghct.
olof wet Ax=bollA xofl sigste 2 AaF o} Zol L7 4= et
e pivot columne] -2 5= x9] ¥4 L Pivot Variableo|gt1l
matrix A 9] rank= row echelon form © 2 HI NS wf] pivot2] 7|42} Z 2P 2| pivot variable?] 7[|4=

rank®} 7t}
e free columno] L& x9 Y4 % Free Variableo]gtal sttt o|uf] free variable2 oA tff=
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AAY sig 7 wf oF glol= 2 = 7] W2l freeoltt.
HoAlA & A H, matrix AQ] nullitys= 1 basisQ] special solution®] 742} ZFi1 speical solution
9] 7|4= free variable?] 7]4=o} Z O R 2 free variable?] 74+ nullity @} Ztt.

pivot variable®] 7]4=2} free variable2] 7§4=Z dimension theorm . 2 o]a|g 4= 9t}

2. Special/Particular Solution

AH A2 A Ax=bo] A Ax=bE TZA]7]= EASE 5| & Particular Solution, Ax=02 TFZA] 7]
Ed3l 5| Special Solution©]|2t1 $tct. o]uf linear independent@l special solutionS free variable
= A5, 11 H$HS A null space?] basis7} Eth.

garz, of7]oA o] Fort ¥ dubAQl A Y Holx|gh, & wAjo A= particular solutiong ’particular
T = speical solution’ 2.2 % 2]5}11, speical solution2 W= % 2]5}2] gki=t}.

e rlr

(

elimination®] elementary operationg-2 null spaces HFER] F=tH(#FH 2, column space= HHELH). &
special solution elimination2 &85t F o LT 4= 9it}. o]of wat AHHA Al Ax=009] tjjgt spec1al
solution® T3} 2& W4 A 78 4 9tk

1. A9] eliminationg A-83] RREF EX row echelon form?l matrix R=2 ¥ stc}

2. Rz = 09| A] free variableE & sttofut 1, Y X += 02 A5l 2 A-2-of it x& F-5FH 14 special
solutiono]t}. free variableo] b}l 79 1-& )5k . pivot column_,] linear combination© 2
free columne W= 4= QYO B2 free variableoﬂ 0] 0] 9] 7F& doj& Rx=02 WEA]7|= x5 AT 22
% 9.
o]of w}z} free variable 7]|4=%FH29] speical solution®] £A|5}7 Hct.

o|u] RREF= HH o™ 12 t5}= free variableo] -5 free column®] YA oA ESut HF L H
special solutiono] 22 ¢ Z}E}o}E]-.

o]|ZA| LSt special solutionS-& free variable —r]Z]OH q%oﬁ SR 10]11 Y Zl= 00|22, AZ2 linear
indepedento]t}. ESH Az’ = 0‘—% THEA ]lf_ 2] 9] 9] 2'-& special solution?] linear combination© 2 L}e}d
4= 9] 0B 2 gpecial solution 3 gHe] span-2 null space®|t}. ©]= pivot variable®] ZF-< free variable?] ZFEof
Ol5)| FdolA BAAEER, 29 free variable gt} T = spe(nal solutions 9] linear comblnatlon A5

pivot variable®] ZF Tt 8-A5}A A2A 7| jEo]t}. =, special solution®] AL null space?] basis
olc}.
p p fp f 1 0a 0 c - c
01 b 0 d b —d
A= ‘ ‘ B=19 001 | = ; f2= _2
g 0o 0 0 0 0 1
Ax=bo] |3t particular solution2 Az = b B Rz = VA free variable ZEo] 0& tjYs
AA RS ZojA L& 4= Qt}. pivot varlable_J linear combination® @ HE free column THs £
Qorg Ax=bo] f|7} EAStttH HE free variableo] 02 A WS o particular solution& 22 4= Qlct.

E£35] RREFZ eliminationg thH pivot variable ko] bo] Zkx} Q oz B g ulj-$ th<=3)ct.

3. Rank}9] 374
m xn matrix Aof] &l rank7} rd o, n, m, ro] thA A o] wel Ax=b2] Sj|7} o] B ZA5I =2 = A w K A}
Ol 9PA AH o] ©late Pelsict.

Ax=bl G4} S8t g2 7k

full column rank), Ax=b= 37} gAY, G435t sHE 7HAc
full row rank), Ax=b¥x 4 F3Hst si& 7171t

v rem, r<ndl A9, Ax=bi sl7h GA, Tk A2 FHAc

D
35}

0] four fundamental spaceZ2 %= ©|3[& 4= Ut} A2l column spaceo] b7} £A5}A] ko™ |7} £ 5HA|
oF a1, 7 A1 o] A9 null space?] dimension©]| 00] o}y 7} F4=3] ZA)|5tct.

. r=m=ngl 2

e r=n<m?®l

—~

-Ke)

Ao

e n>m=r%l 3¢
1A%

TN E Ax=00A4 0°f] 7]2FEE HF= 0°]EE eliminations 283 null space”} HH-|A] gt=rhal
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5l=d], Zt elementary operation®] 3] null space’} HHR] gr=th= Ao 2

olN

k)

st

25 9t

4.2.2. General Solution of Ax=b

1. General Solution

Ax=bo] tj5t General(Complete) Solution(z.)2 Ax=bE TEA)7|= BE o Hgto g, the1} 7o)
S}LEo] particular solution(z,)2} special solution(sy, s2---)2] linear combination(z,. null space®] ¢]2]9]
vector) 0. &2 UEHH 4~ Q)

Te=Tp + Tn =Tp + (C151 + 282+ +)
0]+ particular solution xpoﬂ Eﬂﬁﬁ Az, = b7} ok, special solution®] linear combination z, o] T3}
Az, = 00] HUEE, o] B AL Alw, +1,) = b2 Bela 4 317] vRo|t.

FHE 7} obd bel thsll Ax=b2] general solutione FHEE ZFFol2] FoB g 4} subspace”} ofyt.
oJWE] 7} LEE A A0=bo]B & mo|r},

2. General Solution 35}7]

Ax=bo] gt general solution-2 9FobA] The A4 Thg7} o] 78 4 9leh. B2 37} gl A gole g
P 04\:]—

T W

1. Ax=bo] st augmented matrix [A|b]o]| eliminationg Z-83] RREF E+ row echelon form RZ
gt

2. free variableE & shutofgt 1, Y A= 02 U3 Rz = 094 ZF Aof 3} special solution=
)
. BE free variableo]] 02 3l Rz = b’of| A particular solution& Sttt
4. special solution?] linear combinationT} particular solution T] 3} general solution& &=t}
wiwal w1 Ag4shold ohlE A4 ot e e s 18 4 ok
1. Ax=bo] 3t augmented matrix [A|b]o] elimination #8435 RREF T+ row echelon form© 2 =

Z} pivot variableo] Hj 7|45 Fojgiot.
Z} free variables-g |G 72 LERATH
w7 =of) s A 2] 5l general solution2 H=rt}.

A2 TEH general solutiono| A f7fHS7F FolA QA &2 vectort= particular solution©] 1,
w471 F5 A Q= vector:= special solutiono]th.

I —2t1 + 2t2 +3 3 -2 2
X2 tl - tz +1 1 1 -1
T3 | = 51 =0+t | 1 |+t O
x4 2ty + 2 2 0 2
Is tg 0 0 1

Z general solutiong o= A2 homogeneous(FA}) equation Ax=09] §l|E 2F11, nonhomogeneous(H|-52})

equation Ax=bo] EA g sh}= tst= Axt 2ot

4.2.3. Minus 1 Trick

Minus 1 Trick2 matrix Ao]] tj$t RREF Roj| §F LAT -121 rowE 7|9 o] general solutiong F5l=
tricko|c}. B8] Az = 09] 542 B2 25t7] Belsheh

o]t row echelon formo|™ ¢t%] 71, RREFojof Str}. 51ut2] free variableo] 1, U A] free variableo] 02
ol 7} 70.0] T pivot variable®] 2h& Fobe AAFE o Wl BelshA| Aok A& ¢ % sk
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Example 2.8 (Minus-1 Trick)

A (2.49)0| #HS CHA| HHE S SRS CH

1300 3

A={0 0 1 0 9 (2.53)
0001 4

9 &ZEo| (2.52) HEQ g F715t0] ofaliet 22 5 x b HHZ HEFLICH

1 3 00 3
0 -1.00 0

A={0o 0 10 9 (2.54)
0 0 0 1 —4
{0 0 0 0 1J

I LB RE 2 240 -18 ZSh= S 7HX 0, HIZ Az = 0 2| oS ¥E = AEUC

1
I
zcR:z=X\ |0 +A|[9], A,2cR (2.55)
0 —4
0 -1

5. Linear Transformation

5.1. Linear Transformation

5.1.1. Linear Transformation

1. Linear Transformation
Linear Transformation(A @ W32 tf-23} ZHo XA 2712 & FH=EA) 7] = T4=0|t}. =, vector &7} scalar
F(AFA)S HES= gHo|t}. Linear Mapping T+ Vector Space Homomorphismo]2til &= gt}

1. Tw4+w)=TwW)+T(W)
2. T(cv) = cT'(v)

linear transformation< & 7}2] T oA A& 4= St} st space(FEA. A oY, 2] ¥)E 1125}X]
3, Axe} o] ©ees] gha Hule Aotk = o 0}‘/}1_ spaces 21254, S space®] basisE 7FA 2FA
Rl Aol}. = v Aol SJaAE oW linear transformationo] of® <122 orejw Aejele]
basisE HUHH 1?]_1:}.

71514 T oA linear transformation2 vectorE th= basiso] gt ZFHEA| 2 HEHEE= ) ttal ke o]5)
o 4= Qe ol THA BH linear transformation¥} HZ oA AHE Y&&52 t & o5& 4~ Q.

g 12 Farsiat.

2. Linear Transformation®] Image®} Null Space
linear transformation®] image?} null spcaer= matrixo| A} FLsH, f : V — WOl t3] image= {w €
W|3v: f(v) = w} null spacex= {v € V : f(v) = 0} 2 AHo]HAt}. o]uff V& domain, WE codomaino|zt1!
gt
w3 g3} g o] AT
o null spacei= FHAY 4 3t
o imaget= W2] subspace, null space= V2] subspace¢]|t}.
« null space”} {0}21 A3}, {7} injectiveQ] Z-2 ™ Q ZHolct.
finite vector space V, W} linear transformation f : V — WE& AZ}5kA}t dim(V) = dim (W)o]al
nullity7} 00]¥H = bijective©]T}.

o & 59, projection matrixs 5= Z-& linear transformation®]t}.
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https://www.youtube.com/watch?v=kYB8IZa5AuE
https://www.youtube.com/watch?v=kYB8IZa5AuE

5.1.2. Speicial Mapping

1. Special Mapping
deje] et vV, Weoll tisl mapping © : V. — W& AZ5Hat. tha3 Zo] A ofqint.

o Injective(@A}N). Vo, y € V,®(z) = ®(y) >z =y
o Surjective(AA}). (V) =W
o Bijective(FA}). injective and surjective.
o] Fol& A& th= &) linear mapping®] speical cases2 2T 4 Ut
o Isomorphism(ZFAM}). @ : V — W, linear and bijective.
®7} isomorphismo| ™ ®~'% isomorphisme|t}.
o Endomorphism. & : V — V| linear.
e Automorphism. ® : V' — V| linear and bijective.
o Vo tjst Identity Mapping E+ Identity Automorphism(idy ). ®:V -V, z -z

2. Isomorphic
finite vector space V, Wl th3f] dim(V) = dim(W)o|H V& W= Is omorphlc(%-‘é)O]-E]-_l_ gtct o)== &=
vector space 7] isomorphismo] £l A2 £A1glo] HaE 4= 98-S ou|slit}.

isomorphice] 2]3] &1 2]2] T vector space V,Wo| tfSt mapping2 R", R™o| gt Ao HIFe & A=
3t

bijectiveo]H T mapping] Hiet = A7t}

iso= same, endo+ in, auto= selfE 2|n|s}= A Fojo|ct.

5.1.3. Ordered Basis
basis®] A& A H5] n-tuple2 YEIH Z1-& Ordered Basis(&A 7] A])2tal St

vector space®] ¥19]9] vector vi= ordered basis B = (by, -+ ,by)°l Bl z = aybi+, -, +a,b, 02 L}E}
d 4 Qth ot 9] ay,- -+, a2 B UI$t vo] Coordinateztl! 511, th2-2 Bof tigt ve] Coordinate
Vector = Coordinate Representation®]2tal gttt

Ol

aq

O,

5.1.4. Matrix Representations of Linear Mappings

vector space V, W} T19]| t)-8-E+= ordered basis B = (b, -,
mapping ® : V — Wol tgt 8U3t matrix representation-2 1’4—
oI,

(b)) = arjer + -+ amjcm = Z%‘Cz‘
=1

= 442 o]-— matrix AS ®2] Transformation Matrixg} 5117, A = [®]G9} Zo] F7]3Ith =, basis
7Y A5 BlS 1 9] coordinateE columnC 2 7}X]+= matrix©|th. BLE linear mapping-2 ordered basis
Aol g ‘Q(ﬂ' transformation matrixS 7}FZth.

o A glo] Fasitt. 499 vectorE vector space Wof| HUTH W] basis2 BEAT &4
™ linear mapping®]] 3] TUSH F basisE AFgSF 7-2-of o] matrix representation©]
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a2, GHR} T(x) = 09] matrix representation-2 zero matrix©] 1, 5 ¥HE T'(z) = 2] matrix representation
L jdentity matrix©]Tt.

5.1.5. Basis Change

1. Change of Coordinate Matrix

Change of Coordinate Matrix(FHZHEPH) Q+, finite vector space VO] basis 3, 8’0l tislA cFt
ol AojHrt. ojuf Iy= VoA Q] FgHete|al, Q= /9 ZF Y49], fof gt coordinateE column O =
sttt o] 5 &85l = U3t vectorS THE basis 2 9] coordinateE 2H& 4= 9\t

fu
]
el
i)

&5 Iy = invertibleo] B2 Q& invertibleo] 11, Q1= Htt)] H}SF O 2 9] coordinate changeZS 4>3 5= matrix
ol
o|uf Bo] standard basisQl ¢ Q& @3] Y22 basisZ columne ¢ S 4 it}

2. Basis Change of Transformation Matrix
transformation matrixef 3t Basis Change= Th-21} ZHo] change of coordination matrixs Hoh= A0 2

ol i},

A=T"1AS

linear transformation®] A oj| A HH th-21} 70| linear transformation®] A0 2T o5& 4= QITh.

Vector spaces \% W 14 2 W
5 %os c p —2c5 |
Arp . A«[’
Ordered bases ‘IIBBI 5 TI Ece ‘I]BBI S T Zgc =Zgg
L A L L Ay 4
B C B————
Dsp LT

Bet p'e] £AE H HHFE SR VT 4 Sl
3. Equivalent & Similar B

5 matrix A9 Ao]) o5 A = T—'ASE A7) T9} S7F £A5H8 F matrixis Equivalent ($3])3}th
S5t1, A = STLASE HHEAI7]E S7F EA5HH T matrixe Similar($-8)35tcta gttt similar= 5 UgH
linear transform& A2 th2 basisZ Hf2H2 Z1-& 9u|gict.

A E equivalentsttt ! % similardt AL o} 2|4t similarstd equivalentshe}.

similargl matrix52 eigen value?] |59} ko] A= T, o] u}teg} trace®} determinant’} 5
Zt}. T3t 5YSH linear transform& YEN B2 rank®} nullityr Zrt}. o|u eigen vector= TS 4
9tk wor B = M 1AMo|g}H, A\ = \v, Bv = M~ 'AMv = \v, AMv = AMvo|th. &, A9 eigen value
=202 A5} eigen vector= Mvo|tt.

diagonalizable$t matrix Aof] tfsf] S~1AS = Ao]|B&2 A9} A= similard}al, eigen valueZ} Zth. SFA| Tt eigen
value7} Zehal HFEA] similargt 212 ofHt}. eigen valueZ} ot t4-2] FHEL 7614 SHEETF A
5}4] 9= matrix= eigen decomposition®] B7155lth GASIAE BE eigen value] tj52 FE L7} 191
7dF-olli= @4 similarstry.
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5.1.6. Matrix Multiplication as Composition

transformation matrix®] gt matrix multiplication_bl- linear transformation®] composition(g4d) A2

o]
fLHLt f:V - W, g: W — X2l & linear transformation2 Z5}tH, fog : V — X ESH linear
transformation©| 1l t}-2 4=Alo| A5ttt

Afog = Ang

5.2. Pseudo Inverse Matrix
TAANA T2 EAT A A 2 Fch

5.2.1. Left /Right Inverse Matrix

o] marixo] tjs] A&l FHAA identity matrixES THEH Left Inverse, 2 2Z o] F3 A A identitiy
matrixE& 9= Right Inverseo]|t}.

o left inverse’= matrix”} full column rank® o L& 4= Qth (ATA)1ATA = [o|B & (AT A)~1AT7}
left inverseo|t}h. o] AT A9] inverse matrix= A]-—Q-OI-E_E._ full column rankojof A &gt

left Inverse= A 2] column space®]| = vectoro]| A= AQ] row space?] &&= gftoz Itz
=331, left null spaceo] = vector= 02 2 X HTh(left null space®] vector xof T4 1 A 2o
ofaf) ATz =091 A-S AZstd FaAsieh).

left inverse matrix®S Q@ 2Z%of F3t A(ATA)~1ATE= AQ] column space®2] projection matrix©]t}.
o] = left inverse matrix7} R™ o] tZH St Y99 vectorE A9 row spacez H U3 (A Q] column space
o ZA5HA] L= HEL IR 7tE g QlojZth), Bl vectors AR THA] HUjE AT} Lot

least square ZA|E & wf] F5IH matrix7} Ao]| T3St left inverse matrix©|t}. left inverse matrix7} A
o] R™o] EA5k= ¢19]9] vectorE column space= HUl= - A ZotH o|sid 4 Tt

o right inverse’=matrix7} full row rank o} & 4= Qlth(r=m<n). AAT(AAT)"! = [o]|B 2 AT(AAT)"!
7} right inverseo|t}. o|of up7}R| 2 AAT 9] inverse matrixE AFR-SFEE full row ranko]of A st

right inverseX= R™9] vectorE R"2] row spaceZ HU L], |t vectorE Ao] B2 uf L&l 9] vector
2 B0l 5 & 3= matrixo]th. o] right inverse= full row rank¥ ©f] £A|5FE 2, left null space=
ZAotA) gre

right inverse matrix S 9Zof] F35t AT (AAT) 1 AE A 9] row space® 2] projection matrix©]t}. column
space= 2] projection matrixo]| 4] transpose o] XEqt v} Ao|B 2 tFA S|}

# yolal, x@} y7} row space®] vectoro]H Az # Ayo|th. Z, row spaceol A HUl= wjg-2 34 Ao
20]11, o] wet m x n matrix®]| AL inverse matrix@} -F-AFSE left /right inverse matrix7} 7 2=
Qitt. ol= AFHOZ 7idds| HY 4 o} 7eF Az = Ay=td A(x — y) = 091H], z — y+= null spaced]
Aolt}. 2] row space®} null space?] W g2 {0}o]|2 2 HLolt}.

left /right inverse matrix®= four fundamental spaces®]| Tt diagram-& 12 A] AJZSHA o]sf|7} 4t

e 4 L =

5.2.2. Pseudo Inverse

1. Pseudo Inverse
Pseudo Inverse T+ Moore-Penrose Inverset= 422 mxn matrixoﬂ 5} inverse matrix2} 73 G-A}5HA|
52}5l= matrixZ, inverse, left /right inverseE o2& 714 ddtste slgolct.

pseudo inverse AT= o3} Zro] SVDe} SALSHA Ao Ht) o|uf = SVDE] Xof A singular value &= 0
o] ol d AEL 94E F5t, 09 AEL OYl2 & 5, transpose?t matrixo|th. &, SVDoj| A9} Zo] ATE=
rank r7bAE Aty = 12 BT, r+15EHE JHE 2 2l

At =vxty”T
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?:1.9494 matrix}—:— row space?] vectorsS column space?] vector2 At wj™ Sttt =, non-invertibleo] o] &
et HE o7 SHASHH drjdt]L-o]tt. pseudo inverse= o] uwjFoj A vectorE W2 H Wt column
space?] VGCtOI‘E row space?] vector® Ut mj35}al, left null spaced] SFol= HEL 002 Hj=
7-]3; o] OHo} 2~ oh:]-.

full rank$] square matrix¢l A% AT = A~lo]1, full column rank$l matrixo]] tfefA] AT left inverse,
full row rank¢l matrixo]] |4 AT right inverseo]|th. = full rank7} obd 7H-¢o|| & pseudo inverse:=
ZAst2 2, pseudo inverse:x inverse, left /right inverse®] A9} 7i\go]ct.

2. Projection MatrixQl7}?

At A= row space2 2] projection matrix©|Tth. ©] - vectoro A row spacee] = FEL S 2%,
null spaceo] sjGF5l= BHE L AAEER FAStt) A7} full column rankQl 7-$ null space’} & Z7to| R 2
ATA = I7} 5], AT= left inverseo]th.

AATE column space® 2] projection matrixo]t}. ©] 79 vectoro| 4] column spaceo] sjgsh= 2L 4
2| 5] 11, left null spaced] SFste HEL A ER FAsIth A7} full row rankQl 7-$ left null space”}
dF37tolB R AAT = [7} 5|11, ATE right inverseo|T}.

6. Affine Space

6.1. Affine Space

6.1.1. Affine Space

1. Affine Space

vector space V&} 71 vector g € V, U C Vo tig] AZI5kA}. the 412 wr=ESH= Vo tigt subset LC>
subset Affine Space = Linear Manifold2tal Sttt of 7] of A VO] linear subspace‘?l U+ Direction &
Direction spacez}il OI-_]_, 29— Support Pointz}1l §tct. affine space= GHIE|E X 3H6}1Z] ‘B%EEE
vector space’} oFY L, ZF YAE vector”} obY 2t Point(3)2al St vector space= affine space?] speical
caseQl ZAO2 o]t 4= Qlrt.

L=x2g+U={20+u:uelU}

vector space VoIl T3l affine space L = z¢ + U, L=2,+ U7} ZA(In & o), U CUO|L zg—dg € U
oW L C Lot

o & Eo], R?9] affine space 2= point, line, plane(EH)o] 21t

/
+ AU

L= Lo

2. Parametric Equation

affine spaceo]|X] Parameter: affine space 42 EA A 2] Y& A&5}A A A5} Yl AHEE+= scalar
Zro =2 affine space= F= parameterS A3l EHSITE vector space Vol T3t affine space L = xo + U7}
Q1S wf, V& subspace U9] ordered basis?} (by,--- ,bg)°|2t 5IH affine space LY ¢ 2]9] ¥4 x= tf23t
2ol EAT 4 9.
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T=x0+ b1+ + b, A, ALER

oldl THAS Lof ti$t Parametric Equation ©]2ta1l 5}, by, - - - , by S Directional Vectorztil gt

oA tr2Z0A]g R o]l thaf] n-1 2 affine space= Hyperplane©] 2+l g}, hyperplane< support vector

o2}, n-1719] YA E EFSH= U9 basis2 LA H et

Ax=b9] sz LAY, Rl thet n — rank ZFL9] affine space?] A= o3 4= It} ERF R™of Tt
Tt

2] 9] 9] affine bpacet o] nonhomogeneous equation Ax=b2] 3{jo]t}. T3t homogeneous equation Ax=0 ESt
support vectorZ} 0¢1 affine spacegt1 S 4~ Q)

0|

6.1.2. Affine Transformation

vector space V, W&} 1 linear mapping f : V — W, a € W& AJZ}51A}. Affine Mapping ¢ : V — W
o2t Zo] Ao Hct. o]uff aE Translation(H P o]F) Vectorztil it

p(x) = a+ f(x)

©] 9] 9] affine mapping ¢p= -3 St translation 7 : W — W} -5 4%t linear mapping f: V — W2
%, 6= 7o folck. linear mappingol 7 BaHO|E ¢ Zo|n2 THesic,

-
ox,
o

affine mapping¥} affine mapping®] A& affine mapping©|tt.
affine mapping2 7]o}s+4 LXE FX]|olH, dimension?} parallelism-& X Z3itt.

linear mapping> # Y0l F= 5]-85HA] ¢tal, affine mapping> linear mappingo] B3ols= Al Baol5=
545t ukshe mappingo] ot

7. Analytic Geometry

Analytic Geometry (47|58 = X REAE ALE5Ho] 751824 Ed(ex. A, Y, 24 5)L ti5A WAoo
2 E@sta Aot shRolth. B AL linear algebrad] Sl thet J15ksHA A3 AeHHql o] S
e,
7.1. Norm
7.1.1. Norm
1. Norm
Norm(x§)-2 vector®] 37]0]2}, vectorg 7|otetd o2 Y73 off Y- HE sHE E742] 9] #o|t.
oluff || - || : V — R= vector x& 1 Z9]| ||z||2 B W+ mapping®]t}.

vector z,y € V, scalar Ao thsf| BZYS wf vh=o] FHAH

o Absolutely homogeneous: ||Az|| = |A|||z]]

o Triangle inequality: ||z + y|| < ||z|] + ||y]|

« Positive definite: ||z|] > 00]1L, ||z|| = 0] AT} z =09 AL HQEHolt}
o]H vector v& 1 norm |[v]|| &2 UH 275 12 TtE

2. Tkt Norm
o237 2ol theFet normo] EAfgt 2 Q oFE o A= euclidian normS 7|20 =2 gt}
e Euclidian norm(L2 norm)-& t}-23} Zo] A oJxct.

rr

71-2 Normalization©o] 2t 3t

o
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e Manhattan norm(L1 norm)-2 t}-23} Zro] & o] Hct.

n
llefly =) il
i=1

Figure 3.3 For
different norms, the
red lines indicate
the set of vectors
with norm 1. Left:
Manhattan norm;
Right: Euclidean
distance.

7.2. Inner Product
inner product= norm, distance, angle 5 2] % 2]of] Al-&= T}

7.2.1. Inner Product

1. Bilinear Mapping
Bilinear mapping 5 212}o] tfdf linaergt mapping® 2, z,y,2 € Ve} scalar a,b € Rof| 3] o2
WA 7] mapping= TRttt

flaz +y,2) = af(x,2) +bf(y, 2) f(z,ay + bz) = af(z,y) + bf (z, 2)

2. Symmetric and Positive Definite
vector space Vol tfsl] 1 vector 27 & qro} 5hLt9] scalar2 H W+ mapping Q : V x V — RE 25k}
symmetricT} positive definite2 Th-21} ZFo] A o]},
. vector #,y € Vol el O, y) = Oy, 2)7F AFSHE O Symmetricolth. 5, 91449] 247} Aghol
%= mappingo|tt.
ot Aol s Q= Postitive Definiteo|t}. 5, 02 A €]t BE 790 dis] 02t & 3=
I &5k mapping©]t.

Vo € V\{0} : Q(z,2) >0, ©(0,0)=0

3. Inner Product
positive definite©]HA] symmetric bilinear mapping?l Q : V x V — RE Inner Productztil 5137, (x,y)
2 HE7|h.

vector space®]| inner productZ} 3715 vector space (V, (-, -))& Inner Product Space %+ Vector Space
with Inner Productz}al gtc}. o]uff inner product® dot productE AF&SHHH Euclidean Vector Spaceztil
e

7V dg] A 0]= inner product:= Dot Product®, tF-2 A1} ZFo] A ol =},

n
(wy)=aTy =) i
i=1

inner product®] A¥}= scalaro] B2, transposed| T 1 Ai}7} At of| & 9], £ vector z,y € R tjj3f
vy = yT27} Pt
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7.2.2. Positive Definite Matrix

1. Positive Definite Matrix
Positive Definite Matrix(%¥9] AR S PH)= 2 # 021 42]9] vector xof A 27 Az > 00] HH5t=
symmetric matrix©]t}.

positive definite matrixo]] tjsj A= th&3} 7 }—8— A A o] Aottt Eot o] ™ matrix”7} positive definite matrix
12]= o] Al 7HA] F okt AdHote A Hol¥ =L, o]uff skt Aot YA = At =, o] Al
7tA] & opat JHolA] © # OOJ x| EHOHH zT Az > OO}E}.

o ILE cigen valueZ} &F4=o]t}.

Aol T Av =M<l eigen vector vE AZISH o7 Av = uTv > 0 o]o]o} SH=d], eigen vectori=
ol E]7} ol B2 \ > 00| ARt gdsH] O 9= AZsioh

determinant’= RE eigen value2 Za|A FaF 2= 910 B = positive definite®] determinant EF OF2
0|11, 54} invertibles}ct.

« BE pivoto] ol
symmetric matrixof| A= eigen value?] B3 7|49} pivot2] B S 747 o v o5t
o OfIF matrix®] Y& 9] o] YAE Eol= sub-matrix®] determinant”} 25 F4=o]tt.
St row 9] scalartf]E T2 rowo] o= A4S determinantE HESFE R, 0|2 sub-matrix?] deter-
minant® 2e EHEH 474202 1) BY pivoro] Lol uet Boot GeAS AL o 4 olek
5571 2o H(o]H eigen valueZ} 0) ZHZ}; Positive Semi-definite Matrix(%9] £35S §H)olztal sict.
ESH 2T Ax < 00] AH(RE eigen valueZ} 24)5l= matrix= Negative Definite Matrix(22] XS 342)
olgtal slal, 537} &2 H Negeative Semi-definite Matrix(22] &AH S iE)2tal gy, ESF eigen value
of Fot S57F 4ol e AHl+= Indefinite Matrix(F4H & )2t ghrt.
positive definite matrix Ao t)af] tha A& o] A4St
o Ao] thall FHEE Aot 2T Az > 00] HSEEZ A9] nullity= 00]c}.
o standard basis e = {e1, - ,e,} 2 BAHAL W] el Ae; > 00] A AHFIER, Ao YIAAHEL F
ol
2. Inner Product®} Positive Definite
finite vector space®]| 4] inner product®} positive definite-2 =] o|t},

finite vector space V2| ordered basis B = {by, -+ ,b,}= A5}t Bef| st 9] vector z,y € V
9] coordinates Z+Zt 2, 2t 5HH, x9} yE basiso]| EH linear comblnatlonoi UEFH ™S inner product+=
bilinearityo] 95 T2} Zo] A el Lk, ot Ay = (b, by)ol

z,y) = <Z wibi,ZAjbj> = ZZ@(bi,b‘,-)Aj =& Aj
i=1 j=1 i=1 j=1

o]} inner product+= positive defintie®]1l symmetrico] 22, ALE symmetrico]HA tf3-0] A
o]uf 2] AL positive definiteo]t}.

e

o}

AN

Ve € V\{0} : 2T Az >0

ISt symmetric matrix A7} positive definite©] ™ -2+ ordered basis Bof| tf3]] inner product”Z} 7 o] = tt.
Z Bol sl A7} ZA5HH inner product7} & < H o}

3. Positive Definite9] 2Ju]
positive definite®] A 9|5 VR BH of-33} 70| R , o0l TS o] XA A
9tk 2, 2d:gtol SAGHE 2P0l £akola] B, 22t

QB a2~ ,a29] A7} pivotst 2TH2 x 2 matrixe] e A4

b
2 85 25T 5 oty gk,

o] 0t} ek g o)
AT A2 542 Bol
1, LDLT decomposition
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01171 + @12T2 + -+ - + A1 Ty
(2171 + G22T2 + -+ - + A2p Ty
T 2 2 2
et Ar=[z1 w2 -0 @) = anxi + agr; + -+ appry, + - >0

n1T1 + Ap2T2 + -+ GppTn

0]& 2 x 2 matrix Ad] tjal] 2T E Te]R A, positive definite(§+1 % 2 ) negative definite(FH 3 g
1% R9F), positive semi-definite(Z#}7] 29F), indefinite(Fd 2oF) ZFzto] tiaf| o7 Az o] Tgjnt o3}
2ot Ao Roof whet 2 2rF FepRl= A oS o QA

positive semi-definite2] 79 oJH eigen valueZ} 00]0] 4] g HFo] ¢ o] F | Fho] W] &7 =11
ZA7] BoFo] 18 a7t 18 At indefinite2] 739 k=2l eigen value2} 2421 eigen valueZ} = tf £ 2] 5 4]
ool marthel gof Batt WArS A} BEah1, < Bepel e} e

&3 7} column©]| eigen vector?l matrix Qo] thsA x=Quetr 3}, 27 Ax = vTQTQAQT Qu = uTAu =
Mu? + Mgudat Zo] 7 vector M2 Shto] Goz Aele 4 ok 9o g AS A4S ),
At + gl = 191 9 \9] B57} 5 oF ool @ B o] w11, Ae] Ha % sH7t &oro| W A2 Ao] Wk

Positive definite Negative definite

Singular & positive semi-definite Indefinite

f(x1, X2)

positive definite matrix= 92 vector?} HW vector?] inner product?} %F4=0]| B2 vector?] Hgko| it 2
ZAo|z] AL E HIf= matrlxi_‘:-_ o5 4~ Qitt.

symmetrix matrix+ diagonalizabled}1l, pivot2] 25 7|42} eigen value®] 55 7|47} Zth. TSt symetric
matrixo| A determinant= pivot®] Fo]EZ, determinant?] —,—ioﬂ w2t positive definiteQl 2|7} HHATY.
positive definite?] 79 determinant7} %F4=2ld], A& Zk-S IS 0] determinant”} 00] &&= 2] & of A
positive semi-definite®] =11, 004 &2 HOV]—EE negative deﬁnlteolﬂb} indefiniteo] F T}

O

o], 2 x 2 matrix7} positive definite¢l1z] Ho|&H, symmetricQlZ] 3+Q1S}I1 & = (21, 22)T S AFRS| FAF
2 3p1g 4 Qv

>
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7.2.3. Positive Definite T A2

positive definitel= Th2-1} ZHe A2 =8 7}
e n X n matrix A7} positive definiteo]® A~'IE positive definiteo]T}.
inverse matrix+= eigen valueZ} ¥4=0]| 22 s}t
e n X n matrix A, B7} positive definite©]®™ A + B positive definite©]T}.

o m x n matrix Ao] Thefl n x n matrix AT A= symmetrico] HA] positive semi-definiteo]t}. oju A7}
full column rank?l ¢ Az = 02 TEA|7|E= x #£ 021 x7}F EA|5}A] Lo P 2 positive definiteo] Tt

AT A7} symmetricl A-& 2g51al, 2T AT Az = (Az)T Az > 0 o] B & 34 positive semi-definiteo] T}

7.2.4. Norm3} inner product

BE inner product— norm- -$E51A|9F 2E norm®] inner product® S EEE= AL olUth o E Eof,
manhattan norm-2 inner product@ -§LE 2] =

lz]] = V/(z, z)

inner product® -8-E %= normo]| tfsfA= oh-23F -2 Cauchy-Schwarz Inequality (ZA]-frHIE2 X HSA])
o] g,

(@ y)| <[] ||yl

7.2.5. Inner Product of Functions

function AF0] 9] inner product= th-2-3F Z-0] definite integral(J A &) 2 A o] Ht}. o]of u}et functiono]] gt
norm¥} orthogonality & A4 4= Qlch.

b
(u,v) :/ u(z)v(z)dr, a,b< oo

functiono]] T3t integral gh> HAMS 4= glon g G313t Zh-& 71A| = vector?] inner product@} z}o|7t 9]
t}. ESH functiono] Tﬂﬂ inner product®] Ao]E &SI/ SFEH integral?] measuresES THEoF =1,
A7l = T2 =

Eo], {l,cosz,cos2r, - }= —nBE 7122 HAEHEHA it Ag-S orthogonalet AL & 4= it o]
Aoz functlon‘—g— prOJectlollo]-l—— Z10] fourier series®] 7|& olo|t]ojo|t}.

o

HJ[FU

7.3. Distance & Angle

7.3.1. Distance

innver product space®] vector x, yof tj$t Distance= th-21} Zro] Ao Htt. &2 inner product® % 9] %] %]
or= normo] HsfA= Il normTrO 2 distance’} A Q% T}
d(z,y) = llz —yll = V{z —y.x —y)

ISt inner product® dot productE AF&5h= 742 9] distanceE Euclidean Distanceztil $Hrt.

distancet= norm (12| 1! inner product) © 2 A 2| E| 2 2 positive definite®] HA] symmetrico]th. Tt d(z, 2) <
d(z,y) + d(y, z) © 2, triangle inequality & Fr=3gtct.

7.3.2. Angle
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= vector 7+2] Angle: Thg3} 2] HOlEIT. angle& F vectore] Hhafo] dnh} GAKAE Lrehdict.

7.4. Orthogonality

7.4.1. Orthogonality of Vector

= vector x, yof thdjA] inner product (x,y) = 0°]H ©] T vector+= Orthogonald}ttil S}, zly=Z
F7)3t}. LT orthogonalt vector x, yofl thsfl |[z]| = [|y[| = 1°]¥ Orthonormald}thil gt

olof mrzt Yl E = LE vector®} orthogonalsitt.

Al E] 7} otd T vector”} orthogonalS}H linear independent©]T}.

orthogonality+ inner producto] 2]3]] Ao]E| 22, o] inner producto]| 4] T vector”} orthogonaldjj &, TFH=
inner producto] A 12| & £& Q)

orthogonalsThe 712 A2 2sfehe ojujolct. sjekiieks el 642 Qe nAr. che 297
7} % 20l2k [[z]2 + [yl = llo + ylP7F AR x2F y 212ke] AR w1, a0, g1+ yn0l}
Jel P = 23 4 + 42 = 2" o] RAFITE. olo] wel Mekmeks el the A} Zo] HelHr

2ol x¢ty
I Pe ),

Tr+yTy=(z+y) T (x+y) =a"r+2Ty+y"z+y"y

e

Aeotd Ty +y"x = 00] FYol=t], AR o] £ O] L wiyr + -+ 2y, 08 T2 A G 5 Uk

=, #A F vector x, yoll tiafiA] oy = 00] FHTIch

J Zlasxe A

0 o @uzﬂ% (4q0° - [zl 4o
(‘%C’fd-*’b)

7.4.2. Orthogonality of Vector Space

1. Orthogoanlity of Vector Space

= vector space S, To]| tjd] 2E v € S7F w € Tof t3} orthogonald}d SQ} T= orthogonaldithal
o)== X vector space?] basis”|2] orthogonal$tz] H| W Sh= Z1 o2 Tedsh 4~ QI

T ASIHA & zero vector spaces= U] 9] vector space?} orthogonalsltt. TS intersection( 3 g}) o] ZAY5}+=
= vector space= orthogonals}x] ¢rt}.

dimension®| n¢l inner product space V&} dimension®] k¢l 1 subspace U C Vo tjj3}], U] orthogonalgt
Orthogonal Complement U+ dimension©] n-k¢l V2] subspaceo|t}. 2, orthogonal 5P A V] U Z]
-r-r—a Z}2] o]——(d1rect sum) vector space®]t}. o]o] wat ¢19]9] vector v € V= UQF UL Q] basis2 E3
4t o 59, 3x1gofA oj® HHo| tjgt orthogonal complement= 3j|td HHo| 4212l 74”40]1”4-
%.J_E ol® 4219l vectord Normal Vector(H§4 g )zt st

ot

0|
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€3

€

€

2. Row Space and Null Space
A 9] row space= A 9] null space®} orthogonald}th. null spaced]] £5h= ¢ 2] 9] vector= Ax=02 TF=E£A]7] 11,
olof what Ao RE row®}] inner productZ} 00|22 A5}t

ol o] = subspace—— R™of o3} Orthogonal Complement (2] .o]-F7t
null space’= A 27} ZFA1 9] BLE vectorQ} orthogonalgt RE vectorE I $H

H & Qitt. =, row space®}
}% ubspaceO]E]-
o] F

ISt row space?] dimension-2 n-ro]il null space®] dimension ro|BEZ2 o] & subspace= R"2 <A}

71] ?'/g@-q éa (:\’:!9494 vector = € Rnll__—: T = Trow + xnull—Tq' 712-0] EZ’-E = O]q—- ] Aoﬂ 17;1—91:5 A.T =
A(xrow + xnull) = Axrow = bo]q’
o} 91919] vector b € C(A)= 2] 5Pt row space A vectorst tHSHT. oo gk ZH-e 7hersiet

ofHl T vector z1,20 € C(AT)o] i3] Awy = Awy = b7} APt 7FH5HE Az
T — 29 € N(A)QH|, 21 — 2= 1 A £ linear combintion0] A& z; — x5 € C(AT)0
null space?] intersection® 2= Julg|gt Qlo v g io|th

x1
]1’4- Z row space2}

3. Column Space and Left Null Space
A 9] column space= A 9] left null space?} orthogonals}tt.

column space?] 92]9] vector z19] A= Ay = 10| AAH5tL, left null space?] 42]9] vector x50
SaIAE o] A = 00] J ek T A = 09] Qo] y& FolH af Ay = 2%, = 00]ck.

7.4.3. Orthogonal Matrix

1. Orthogonal Matrix

Orthogonal Matrix+ orthonormal vector&% columng A3t matrix©|tt. =, orthogonal matrix Q
9] 7} column qi1,-- -, g, 012l SH ThZ =Alo] A3t o] 9] vectorE©] orthonormalo]”]+= kA gk

52 0 2 orthogonal matrix2tal H2ctal gt

o i
A R

kA T3], square matrix Qof o3l tr2-o] A&S5}IH orthogonal matrix2hil St

o

QR =QTQ=1
2. Orthogonal Matrix2] A&
orthogonal matrixo] T3l tr2 A& Eo] At
o m x n matrix QOJ Thsll n x n matrix¢l QT Q% identity matrixo]|th. FojHH FAsHct
« Q7} square matrixo|H, QT = Q oIt QTQ = I7} HstE g st
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o orthogonal matrix& AF&3St transformation norm¥} angled X &Gt

orthogonal matrix QS AZI5HH, (Q2)T(Qz) = 27QTQr = 2T20]BE QX norme HESH,
(Q2)T(Qy) = 27QTQy = 2Tyo] 22 Q= ZI= (inner product)S HZE3JI} orthogonal matrix= ro-
tation matrix = reflection matrixo]|tch.

e Q9] column space® projectiondl= projection matrix P= QQ7o|t}. A s H Fdsie) Et gk
Q7} square matrix©]™H P = [o|t}.

Q7} nxn square matrix©] ™ 4] orthogonal matrix©]™ R"o]|A] R* S 2 H = matrix©] 22, projection
S olm] FURF FZF Sroll L1, o]ofl wEt projection matrix7}F 191 A =& o|sid 4= ot

AT A = AATE TrZEA]7]= matrix= Normal Matrix2} 1l 3} orthogonal matrix’= normal matrix©]t}.

orthogonal matrix7} LA A o2 9f £27}7 St A A|Z, orthogonal matrix®] A& of oz} FHollA AHY least
square problem2 © 47 & 4= 9t} least square problem2 projection® 2 = uw] Ax=bZE ATAz = ATh=2

HJ5l=t)], A7} orthogonal matrixe}H AT Az = & = ATbo|t}. =, LH-E AASH7|qt 51A =)
7.4.4. Orthonormal Basis

vector space VO] basis B = {b,--- ,b,}l 5] t}-2 £24lo] 4HE wff, o] & Orthonormal Basis(ONB)
2t1l sttt =, R E 24 9] normo| 10]11 A& orthogonaldt basisS Zretct.

(bi,bi) =1, (bi,b;) =0 (i # j)

k.

ol

normo] 10] o} 1l orthogonald}”7|9F 5FH Orthogonal Basisglal

7.5. Projection

MLoJ A= o]® featureo] sl A4S o ¢ & 2} 9] feature space® HU 1 EX T E =t}h projectione
Agoff F2 feature®] 2H-S WE o lossE A2 & 4= QU

7.5.1. Projection

vector space V&} 71 subspace U C Vol tidl, linear mapping f : V — U7} f? = f& WEAZ 0 linear
mapping & Projectiono]ztil gt}

&35t o] linear mapping®]] tj$t transformation matrix P= P2 = P7} A5}, o] = Projection Matrix

21 gt

7.5.2. AT A &835}7)
m x n Aol sl AA|= Ax=bE + = 40
£°] ZF rowo] Eo] A Hr}. =, m > n}l Ao tislf Aitaliof skl 4 a7t EASHA] = =Tt olF ¢
Ar =bE AT Az = ATh2 WP BAE FL Zo] &85t} oA AT AAHH, o]= A9 column space
of bE projectionstal, o] whet o7} EA5HA] o= def Aol tsl 7HY F2 ZASHE 2 4 Sl
EGATAL 183t e AL KTk 59 A WA o] Fasi

o AT AL square matrixo|th.

=
rr
o
oldh
lo
of
ol
2

o AT AL symmetric matrixo]|t}.

o AT ASQ}F A9] null space’= Zt}. o]o] wat A7} full column rankE Z7FATHH nullity7} 00]21, AT A9
nullity = 00] &]¢] invertibleo]t}.

B2 A7} full column ranks 7} A ¥=thA AT AL non-invertibleo]th.

npxjat A28 1. N(AT A) 2] 912]9] vector7} N(A)o] £&3H=7}, 181 2. N(A)2] 942]9] vector?} N(AT A)
o Z5H71E Hol U 4 Sl
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1.8 o o] QZof T2 Fot1 A5t (Ax)T Ar = ul'u = 00]1, inner product7]— 0°] == vector=
ol 9052 Av = 00] AR ACE FHT 4 SArk. 29 Av = 091 xB AT A0 Fof 47

.5.3. Orthogonal Projection

Ax=b¢] a7} lttt, bE C(A)Z projectionsto] Az = p& F& 4= Ut}

1. Projection onto One-dimension Subspaces (Lines)

vector b& vector a7} spand]] A 5}= subspace U2 Orthogonal Projectiondl= -2 th2 17} 7o
olsf& 4~ lt}. bE projectionTt vector my (b)(projection point)= Uof| Q1O HA b} 7HF 717k-2(distance
7} A1) vectoro|th. &, (b — wy(b), a) = 00] 1L, scalar xo] th3)| my(b) = xao|Ttt.

A A

w

(a) Projection of @ € RR? onto a subspace U (b) Projection of a two-dimensional vector
with basis vector b. x with ||z|| = 1 onto a one-dimensional
subspace spanned by b.

o]5 &83|| projection matrixs FJT 4 QJAI, ©] projection matrixE H9l bE a’l spandh= lineC 2
projection$t 4> 9Jt}. bilinearity S 283 A¥FA ¢l inner producte] tal] A 2] 4= = 2|5, inner product
2 dot productE &-85h= 7-¢ ©f 7tds] A=H

(b—wa,a) = (a,b—za) = 02 Zo] A Aelotd a’als A50|BR & = 4 20| T, my(b) = wa = ax = alyl =

%bollﬂr. = a9]| orthogonal projectiong SF= projection matrix= th-21} Ztct

aaT CLCLT
P=— b) = —b
aTav 7TU( ) aTa
T3t my(b) = zaE FEs EH 1 norme of31t Zth

llru (B)|| = [ cos w |||
projection matrix Pof| tjdf] ofgfje] A& o] Aottt ot Al H o7 S o bE scalartl|slH pkE S YT
9HF scalartl 2|9k, a= scalarj OHE p WA Y=t
e rank(P) = 10]t}. a’a= scalaro] 1 aa’ = n x n matrix7} =4, ZE column©| a2] linear combi-
nation© 2 THE-ojX| B2 t} s}t
o C(P)+= af spano|t}. o] 3F POl E column©] a9] linear combination © 2 FHEo] 2|02 FAs}Tt
« PT = PC’]\:]'.

. P2 — Polt}. ol 4440 2E ZHo| 51, projectionS ol E Sl AL WS} glong o
A5t Tk o]of whet o]u] projection® vectors Pofl th$h eigen vectoro]il, o]uff eigen value= 1
oIt

o] matrix7} projection matrix¢12]= P2 = P, PT = P7} AEst=A2 B Y

o},

4
39,

32




P=X-R

2. Projection onto General Subspaces
©19]9] subspace©] HJgt projectionS Y2+ H A},

o]™ subspace Uo]| vector b& projection$t vector(projection point)& my (b)2tal 5HH, 7y (b)+= subspace?]
basis {a1, -, a, } 2 YEPH 4= Qlt}. 0] basisZ column-& 1At matrix AE AZtslA 7y (b)) = Az2 YERH
2= Q131 distanceZ} Z|AooF st & a9 i3} (a;, b — Ax) = 00] AHStc}. inner productZ dot product&
I A9 AT (b - Az) = 02 hebd 5 9]

o] AT(b— Ax) = 02 He|she AT Az = ATHelY], o} Normal Equationolebal Geh(xE 7ok 49 of
equation Zo] A& 4= glth). o]u] AZ basis2 FAP B Z AT AL invertibleo|th. &,z = (AT A)~1ATh
2 A 4 ot Jug, (ATA)71ATE= Ao) Yigt pseudo inverseo]th.

ol5 HUstH 7y (b) = Az = A(ATA)"'ATho] B R subspaceZ €] projection matrix Pi= th3 3t Zro] A 9]
dct. Fa2 ojuf P = A(ATA)' AT o= BT AA BZAAT, AV} invertiblesiths HAgo] glong
(A 2]0] square matrix7} opd 4= Qitt) BErl5sich

P=A(AT A7t AT
o] basis”} ONB(orthonormal baiss)o]® BT B = [0]2 & normal equation} projection matrixi= th-2i}
Zro] ZvAS At} =, inverse matrixS AAFSHA] ootk =)

z=ATh, P=AAT

3. Projection onto Affine Spaces
subspace U9} affine space L = zg + UE AYZSFA}. vector x € Uof tigt affine space=2] orthogonal
projection, x — zo& U°f| projections}1l, o] % zoF HollF= Aoz A & 4 3ot

WL(LU) =Xy -|-7TU(5L'—(E0)

L (@) L
(T
/ ) / o
by //_'b2
0 by 0 b, 0 b,
(a) Setting. (b) Reduce problem to pro- (c) Add support point back in
jection 7y onto vector sub-  to get affine projection 7.

space.

Tt o3} o] x@} affine space L AFo] 9] distance= o — 292} subspace U Ao] 9] distance?} ZTh.
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d(z,L) = ||z — (zo + 1y (x — 0))|| = d(x — zo, 7y (x — x0))

U9] dimensiono] 10| AT A7} scalaro] 22 line.© 2 2] projection®} Zro] 42 2 4= 9tk

FASHAE bE Acll thafl projectiond ], b € C(A)o]d Lo & bo|t}. T5t b7} Ao]l 2| woh gule]7} e}, eha
oz A4 Z8e 4 9tk b e C(A)o]A Ac = bkl a12f. Pb = A(ATA)TAT Ac = A(ATA)~ (AT A)c =
Ac = bolth. 35 b7} Aol A WEHH AQ] BE basiset Awstal, b e N(AT)o]|B& ATh = polct. o] AL tj¢la]
B Pb=AATA) ATy = 00182 FHEA A& & 5 Utk

projectiono] A e = b—pAtt. =, b = p+ 0|t} fundamental spaceof| A HH C(A)2] p} N(AT)2] e7} B 54 A
37 9129] bE WEL A3 o 5 9Tk 2, projection matrix PE F54A 91%2.9] bell A p7} Flck. ol bel ojw
matrix QE F3f e € N(AT)EE projectiond 4= QIth =, e = Qbo|t}. At H b= Pb+Qb, Q =1 — P
oltt. &, Q& identity matrixo| 4] PE il ZloJt}. 712 o]# QL projection matrix0] B2 ¢fof|A] th& AJ A o]
=g

e

ZF31 2 projection matrix©] eigen valuew= 0 = 10]t}. g F7Ho| = vectorEo] A= 0, I F7tHl
U= vectorE°f tsfiA= 10|tk
aa” = symmetric rank-1 matrix©]tc}.

7.5.4. Gram Schmidt Process

Gram Schmidt Process(1H 4UlE I}4) = Gram Schmidt Orthogonalization Method= ¢ 2] 9]
vector space V9] basisE orthogonal basisZ H36l= HH o]t} o] HELe o]HA AL orthogonal basiso]|
normalizationg A-835] ONBE &-& 4= Qith.

n-dimension vector space V| basis {v1, - ,v,}ol B¢t gram schmidt processt= o33} 20| projection&
&85} orthogonality S -§-Z]5}H vectorE A F71eith

qg1 =11

Gk = Vk — Tspan(qr,qe_1)(Ok) (B =2,---,n)

/ / ; /
:
:

0 by 0 b)) w 0 b)) w

(a) Original non-orthogonal (b) First new basis vector (c) Orthogonal basis vectors w1
basis vectors by, bs. w1 = by and projection of by and us = by — ”span[u,](bZ)~
onto the subspace spanned by
uy.

CHA] o, matrix W = [vy, vg, v, - - - | orthogonal ¢t vector 5= column © 2 7}2| = matrix Q = [¢1,q2,¢3, - - -
2 H3SH= gram schmidt process= TFH23} -2 114 0 &2 4~ci = T}
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L v & &= St

2.1 > 149 @ ¢;= q1,- - ,q_1 =7 25T orthogonal?l vectoro]o]oF 52 &, projectiono] 2]st error&
HHESl Lol A OE a2 & Utk F, g @, -1 27 projection$t vectorg pr, -, pi—1Bf
St ¢ =vi —p1 — - = pi—1°]

&g 501, 3= = 2ol 72 5 A

V3 —
ada 0t g0

170 g1, g v1, -+, v, 9] linear combination© 2 FALE| 11, o]of whaf Wet Q9] column spaces= .
, gram schmidt process= span2 HESHct.

5.2 23] basis2 columng 74 BE A8l 78 = 9ot [B BTIB] gaussian elimination-g -85}
o] Y& matrixE upper triangle matrix2 FFHEH 92 matrix?] row= A2 orthogonald}t}. ©]F normal-
izations}H Ftt.

]

AN

7.5.5. Least Square Problem

1. Least Square Problem
Least Sqaure Problem-2 HHo| A of8] HE| tisA] a5 FAaslst= 2A-e 2= EA|o]tt. projec-
tong gH8 oI S % 9]

=2 =2 0
old A9 AHE f(a)eh shat 2 tol ol £(1) = § = C + Dk & 5 912, 2 W ygkate] Aol
9343 error A OIT 4+ 9T,
f(1)8 Ax=bB2 ehia}. 7 BE oAl C + Day =y, -+ O+ Day =y, 23, C2} DE @52
Shs o] AYYAAHAS Theat Zol Ax=bB2 Lhehd 4 9lek.

1 1 1

1 2 LC;} = |2

1 3 2
EE ot b € C(A)o|H a7} A stA| gt thA| 2 °H7} e 47t 2, 299 H err = b— Az, Az terr =0
of oAt szt EAeet. =, Az = b= UEFH-S o) Ax7} bof| gt 7}7’*13--E St xE 2= —Erxﬂ ojth. bE
A 9] column®] span® 2 AJA E|= space©] orthogonal projectioin®t ¥ & FLo5l= ALC 2 X o5 4= QUTh
oli= Ce}F Dol thgh 4% 2H4 ? T Wo)EolA error7t H| A7t HEF Sk CoF D e A, PrOjeCtiOH

2. gujEog 5]
2} 0] SRS (2,,y) 22 B W) err®] 2 HEL ¢ = () —ilolth F L=l +- - 422 HAR

oAl S 5o, Yol dAANMEC+D+e1=1,C+2D+e =2, C+3D+e; =201 L=(C+D—-1)>+
(C2D -2+ (C+3D 2702 Aelet 4 9ick. olo] e Walsh L, 247} 0] Sl& Cof DE 2o
17 B 0] 2 solh,

3. Projection® & E7]|

Ax=bE AT Az = ATb2 HP5A A9 column spaceZ bE projectiondt EAE 3=
orof| A TF2 ZAA™E AV} full column rankES 7}A|H ATA— invertibles}al, &4} S
AT Az = ATbo] i3] B1E o™ Cot DE & &= it

30
+

AR HE 5 g
=3 =
1 -

-
>
ol

7.6. Rotation

7.6.1. Rotation
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Rotatione Y] Y-S 9vtE 3| -A 7= AL Do,
5l A¥bA © 2 positive angle = HEA|A] HHEF
(orthogonality /orthonormality e H&), ILE ro

olf|9] ¥ A= pointE Origino]ztal gt &
-2 9Ju|sttt. orthognal matrix= normi} angle2 H-E5}11
otation matrix+= orthogonal matrix©|t}.

R20]| A 9] rotatione t}-&3} Zro] A ol=t} standard basiso] et 3] AL Azt o 2 AlAbe] B oFodsic).

ool

D(ey) = [—sinb, cos 6] g
Ko cos 0
N\
\\ e,
AY
\ ®(e;) = [cosf,sind]"
b LT
\\r_ sin 6 /’,f'g
W, -7
\ . -
S Rt R
—siné e, cos 6

R?of| 4] 9] rotation& th&3t o] g ]tk R ol A €] rotation HH-E 14

91 12 =l disf 21 AZIn
oJmjoll &= positive angle HFAIA] Bekeld], o] B4 Y& vieitE wjo] WHAA ol
|'1 0 0 '|
Ri(0) = [®(e1) ®(ex) ®(es)] = [0 cos® —sinf (3.77)
|_0 sinf  cos@ J

o e, Ofl Ti$t rotation matrix= ChSat ZH&LICE

cos® 0 sinf
Ry(0) = 0 1 0 (3.78)

—sinf 0 cosf

* e3 Of CH$t rotation matrix= CHS ot Z&LICH

cosf —sinf 0
Rs(9) sinf cosf 0 (3.79)

0 0 1

n-dimension euclidean vector space®]| 4] 9] rotation< n-27]|¢] dimension& 11%5}1!, n-dimensiono]|A] 2-
dimension HH-& 3]H5}H= Aottt o]uff 1 < i < j < nol| 4] iHA| dimension} jH#| dimension © 2

FA == FHo| gk rotation matrixt= o2t 2ot o] Q] R;;(0)E Givens Rotationo]2tal §hrt.

14 0 ce 0 0
0 cos 0 —sin@ 0
le(ﬂ) = 0 0 Ij,i,1 0 0 e Rmx™
0 sin 0 0 cos 0 0
0 0 e 0 I
ot Ry;(0)% identity matrixe} FAFRIH, th& I} 22 Y4 th2o
Ty =cosf, r;; =—sinf, rj; =sinf, r;; =cosf

g, 32 o] Ao A= commutative(

)7 AEetA] e B2, rotationd A-§5H= 447 S 25}

e
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8. Determinant & Trace

B Aol A= 37F2] 5§ E 2] = how to summarize matrices, how matrices can be decomposed, how these decom-
positions can be used for matrix approximationso]| tjjsf] Af=jEct.

8.1. Determinant

8.1.1. Determinant

1. Determinant
n x n matrix A9] Determinant(F&4])= AE real number2 mappingsti= gHoltt. det(4) = |A|2
RB7)5k0, thg3t o] Akt

o A7} 1 x 1 matrixQ] 3%, det(A) = Ay 0]th

o A7} 2 x 2 matrixQ] 3%, det(A) = A11 Az — A2 45101t} (ad — be)

o A7Fn > 221 nofl tISA] n x n matrix?l 732, determinant= ¢ 2]9] row T column®] t3t cofactor
formula® 3+ 4= Q)

BE jof gigiA row 9] t|$t cofactor formulas SHH determinant:= ot e} Ztt.

det(A) =Y (=1)" Ajjdet(M;))
j=1
= E jof thsfA row jof tst cofactor formulas SHH determinant= of2fj} &t

determinantZ} 091 n X n matrix:= singular /non-invertible matrix©]il, rank7} no|t}. determinant+= singu-
larityE AAstR 2 1 o]50] 23t}

2. Cofactor

n x n matrix AS AZ}5HA}. scalar (—1) i det(M;;)= A2 i) j4 AHo| HI$t Cofactor(e]Q14)zt gict.
cofactorE ¢;; = (—1)"det(M;;) 2 E7|P-2 uf, determinantE th-2-7} Z-0] cofactorE2] linear combination
o 2 Yehd &= Qltt. o] & i A rowo] tgt Cofactor Formula(Cofactor Expansion, ¢JQl4 A7) ==
Laplace expansion(2tZetA A7|)ekal et

det(A) = Ajncin + Aipcio + -+ - + Aincin

A9 A rowe} jHA columne A YA L& (n—1) x (n — 1) matrixE A9 (4,5) Minor(4&3=H)zt?
stal, M2 37|13

determinant= 71 A 2]A} square matrixo]] AT L3tct.

8.1.2. Determinant?] A3
determinant= Thh 22 4A-S 7Hh ojuf 117 ¥ 397129 Jd= Umz] dd5S =S & Ut
1. identity matrix I¢f] o3} det I = 1o|t}.
2. matrix A9] 5 row?] Y2 & HHL matrix Bof tsfA] det B = —det A7} A™
=, A Hl WhE rows wgelH £o7F dg, 4 W wE rows westH
3. a. matrix A2] St rowo]| scalar cE& &35t matrix Boj| T35l det B = cdet A7} A2ttt
ool k2t AZF n x n matrixQl 739 scalar cof t5]| det cA = ¢ det Ao]t}.

b. matrix A2] determinant:= St row?] Ztol whal Bast H ZFzho] gl determinantE A AHSE A}
2k 2, ohgo] AT,
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a+a VV+b |a b n a v
c d | |lc d c d
4. matrix A7} L35 rows 7FA]H, det A = 00|t}

rowE HHA determinant®] Ko7} HiH ol FUstE R Fedsiet. ol FURF row7} Qlok= A
full rank”} oty gt= Zoal, o]of et non-invertibleo] A] Ht}.

5. o]J® row?] scalari & th= rowo]| B 5} row elementary operation< determinantg HZ3tcH(HFLA]
ge=tt). =, eleminationS 3|k determinant7} HZH ).

S operation©] 285 matrixi= T3} 2ol 3 A A8 T matrixs U 4 913, scalart]
St A& matrix BFo 2 Wl 4= 9lt}, oA AE|s] B F row’} Z 2B 2 determinant”} 00] =t

_|a b _q|e bl _|a b
c— la d c d a bl |c d
T TFeF determinant7} HE EJ Z] OFQITtHY elemination © 2 invertible o5

0|11, complete soluation2 L &= Q1L Aolth E3k o] 2L o] &a| A
operationg Z-83] H™H 2 x 2 matrix?] determinant7} ﬂ] ad-bc2 AAE =2 & A = Ztﬂ gt 2= 9t}

elementary operation®] £&0] W2 EAS 18 3] eliminationd ZA3s] 22510 triangle matrix®
Aol determinantS 474 ¢ 4 ok

W 7
=

6. A7} 002 o]F 0|7 rows 7FAWH A9 determinant= 00|T}.

full rank”} of B2 @5}, |5 rowe] scalar 00] FdlA U= Ao 2 HIE 35ttt ESH cofactor
formula® 9 Bt st

7. upper diagonal matrix2] determinant= tZtAE2 9] H3} Zct. Eot npab7E] 2 lower diagonal matrix
9] determinant= tZHAJ R O] 73} Ztt.

o} row_J scalartl & Th2 rowo]| To}= row elementary operations 2-8-5f diagonal matrix= H3gs}
3¥ AAo| o] ZF row?] scalarZ ¢f o 2 wj K A5

8. det A = 091 A} A7} singularQ] Z, 12]31 det A # 021 ZA1} A7} non-singular®] 22 o g ZHo]|c}.
9. det AB = det A - det Bo]|t}.

A7} invertibleo] ¥ elementary matrix2] &0 2 e 4~ ‘3’151, elementary matrix@}2] o A=
det EA = det Edet A7} A™Hs}= A Z]—Eﬂ S}E 2 (operation 82 Z1 715351t}) SHE 4 Q.
A7} invertibleo] o}U ™ ABE invertibleo] o2 2 A =St}

ole]l whet A7} invertible?l 3¢ det A™! = oItk EJF det A" = (det A)" o]t
10. det A = det Aotk Z, A the AHE-2 rowe] that Z o] =dl, ol+= columno]] thafA = A H gt
Ao] s LURSHE sfA BH, det UT det LT = det Ldet UQ-S Ho|H =B 2 hedsic),

flo

11. similar matrix7]2]= determinant”} Zt}. =, linear mapping©]] tj$t basis changeo]| = determinant+=

uk3 2] opct.

1R 37HA o] FHL ThE A ek

o] determinant®] AJ&A-S 0]-&3] cofactor formulaZ} & AH=X] ZA AAS| & 4 Ut o & 59, 3 x 3
matrix A°] Z} ?ﬂ/\ﬂ aij +00]B= 3¥ AJHS 28514, 7} rowol 5he] YAE A|Jstals BT 091 matrix
=& 277H)§ 23g 4 Qck olnf gt column®] 25 02l matrix-2 determinant’} 00] 22 row2} columnoj
shte] ATt EA5k= matrixEo] et determinantE Al4ts] tiotH . Z, ofefel T2 matrixse] Tt
determinantS s} F Tk




O] matrixSL rows H]"—E‘ ZiO]E_E OO] O]’H vy /"] 29 1‘1 H —J—O]' —,4 Qg —7F=] =14 %E]' =, det A = aj1a00a33—
(11032023 + G21G12033 — A21A12033 + (21032013 — 431022013 = a11C11 + a12C12 + a130137]- %‘:}

n x n matrixo]] A= o]FA U matrixZ} £ oV o|B2 EXR T T plojth ESE ZF rowo]| A column©]
AR A 00] otd AE-S 5P 231, diagoanl matrixE THE7] 9ol rowE HI = 342 BT E Asl=
AORE determlnant— T 5 S & S Aok =, o3 22 matrix BO] determinant= Zt rowof] t 5]
column 4, 3, 2, 1 B4= column 3, 27 17 4—4 /51_1:1‘,__‘% AHgotal, 242 B = 4 -o]B 2 determinant7} 00]t}. o] A
invertibility = HJrXé 5 4T 9ttt

0
0
det B = det( 1
1

O = = O
OO = =

8.2. Determinant?] &-&

8.2.1. Inverse Matrix@} Determinant

1. Cofactor Matrix®} Adjoint Matrix
n X n matrix Ao]] St Cofactor Matrix C= 21} Z+o] Aol tfst cofactor2 LA =E matrixo|t}.

Cii Ci2 Cis
C=|Cy Csy Cay
Cs1 Cz (s

Adjoint Matrix(4=5t 3§ &)+ cofactor matrixE transposedt matrix©]c}.

adj(4) = T

2. Inverse Matrix?} Determinant
invertible matrix Ao] ti$}t inverse matrix= T} 20| determinant?} cofactor(adjoint) matrix 2= -3

% 9l

AT =

ol=det A-I = ACT7} AL Ho] =gt &= 9o} AR o) thsA]L cofactor formulaS AZ+af| HH
s, YR 2)o] AEEO] oA BaRt 71Ee] matrix® A7 SWE 4+ itk BE A% g
AELS 71 = n x n matrix ], kA rowTt o H i(z # k)HA rowe} /ﬂ%ol =25t marixo|Tt. kHWKH row
o] T35l cofactor formulaS A-235] B2 determinantS Laf] HH det ;L: a;jCr;olth 13|
row’} Zr-& matrix¢| 22 determiant”’} 0031, o] &}t ijl a;;Crj = 00]t}. &, A2 thE row?] @-EJ}
cofactor& ARl A4t -2 &4 00] %E}.

tU

8.2.2. Volumed} Determinant

determinanti= linear transformation®] 2|3t o o] HsIE YElY = factor2 % | & &= QJQehH(H T FaL).
standard basisE transformsl= A& §7J,'6H H™H, matrix A2Q] determlnant_J Azt | det Al= AQ] column
S°l(F 5] rowo] & 7Fsotrt.) /45t =3 9] Volume(F-1])0]

ol obA] Th2 determinant®] o2 H2AE A} SHelgt Ow} 4 % vector (1,0), (0,1)0] sl 4



https://www.youtube.com/watch?v=Ip3X9LOh2dk

HEH |det A7} o] F vectorZ} == HAZEE 9] volumed-2 A S1aL, ©] vector 242 scalardl &=
Aotct. Tat glole] % vector (a, b), (c, )7} SHEE B volumeS 73] ¥z Ao},

2t column @] scalart}-g tF2 columno]] Boh= -2 olid = o] I} ol HEINTE o]= 919]9] 3o
e £33 BegoFohA O ol SAIE AS ST It Z, o rows] scalara}E ThE rowel
H3l= AL volume2 HESIRZ o] GAHIIO 2 elimination2 A3t 5 determinantE 5] volume

& 7% 4 9t

22 321 vector 37)7F o] F = ArzHE O] Hiull= it vectorE2 FAE matrix®] determinant® volumeS
Fotx 12 o En

8.3. Trace

8.3.1. Trace
n x n squre matrix A°f| t3t Trace(H )= th27 Zo] RS o= tr() 2 E7|gHt.

n

traceo] HisiA= th= JESo] FHIH
e n x n matrix A,Bof] 3] tr(A + B) = tr(A) + tr(B)
o n x n matrix A%} scalar aof i3] tr(ad) = atr(A)
o tr(l,)=n
e n x k matrix A, k x n matrix Bo]| tj3f| tr(AB) = tr(BA)
E3] F vectoro]] daiA & tr(zy”’) = tr(y"z) = yT 27} Y

similar®]l & matrixo]] A= tr(B) = tr(S~LAS) = tr(ASS™!) = tr(A)o] 2 & trace’} Tt

9. Eigen value and Eigen Vector

9.1. Eigen value and Eigen Vector

oA At AA ™, RE linear mapping-2 ordered basis2 % 2] E| =
eigen value/vectors 223t eigen analysist= linear mapping®] 3l 522 o|3|eh 4= Q.

9.1.1. Eigen value and Eigen Vector

1. Eigen value and Eigen Vector

oJH n x n matrix Ao A 2 F2l(Eigen Equation)& TEA]7|= scalar A7 £ 5= GHE 7}
o} vector v& A9] Eigen Vector(al-§8¥€)atal 5117, o]ufj 9] scalar A& eigen vector vof tf-SE&= AQ]
Eigen Value(21-2Zh) 2t gttt =, eigen vector= AE F|= 1 HafFo] EEtX| %] &= E-ESH vectoro]tt.

&

Av = v
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o]™ eigen valued] tf3l] ZA5t= HE eigen vectorg1 JHE o] et -2 Eigen Space(-537H 2t
gttt o)== ot A thREE AXE A — A9 null space©|th. TSF A9l BE eigen value?] 32 Eigen
Spectrum E-= Spectrumo|ztil Sttt

2, n x n matrix A7} diagonalizablegt Z3} A 9] eigen space?] direct sum(Zg. A A ZHA| space
E FASHY, A GHER E4.)0] R"Q AL "WQEHolt}t. & olH n x n diagonalizable matrix
Aof| tigt R™ (7 2]¥)2 A9 eigen spaceE = o] AZ 4 331, o]H eigen valueo] th3F eigen space
of &=l Wt slie vectorZt of A RP O = (2] H) HUWA =2 & 4 Aot o FAH 2=, 9199
vector x7} R™ 9] eigen basis vy, -+ ,v, 02 EAE o, t}-& £A3} ZHo] eigen valueTHE4 o] Z eigen vector

off -

Az = A(a1v1 + agve + -+ + apvy) = Aa1v1 + Aaaava + - - + Apanvy

7|5Fst4 0.2 | eigen vectorE= S| linear mapping©] HH E= &) 5k HIFS UEFH AL, eigen values &
npehE ko= UEHUl= factor® oo 4= Gt} eigen valueZ} S| ¥ Wit {9k 0 = W elsh= Zlo|th.
oluf eigen vector= QJHE]7} oFd vectorZ|Q eigen valuer= 0¥ 4= 9111, eigen valueZ} 021 eigen space=
null space©|t}.

2. Eigen value/vector 45}7]

Av = W& A5 (A — M)v = 00|22 eigen vector vi= A — AT 2] null spaced] £A]5}+= vectore] 1L,
A — M9 special solutiong F-6FH 17 eigen vector©|th.

o]uf| eigen vector= M E]7} oL B & eigen vectorZ} ZA5}2] W null spaceZ} GF-7to] ofy ook 5111, tHA|
2] det(A— A1) = 07} A 3oF TITh. ool me} det(A — 1) = 0 B A7) 12 2Eom 14| Aoleh. ol
matrix Ao] ti3A] o} t}3H41-S A9l Characteristic Polynomial (54 th4])o|et 8117, det(A—tI) =0
£ Characteristic Equation(S4%WA4])o|zt gt

F(t) = det(A — tI)

characteristic polynomial-& th-&3} Zto] HoJgt £~ It o] ¢y = det(A)o] L, ¢,y = (—1)""1tr(4)

f(t) = det(A—tI)
=co+ A+ X+ e AT (=)

Aelshd, o2t 28 A8 A A eigen value/vectorS 7+ 4= Qth

1. characteristic equationg Tr=EA] 7] = scalarg F-5FH 17 eigen valueo]t}.

2. eigen valueEs A — A of JYd] ¥-& matrix2] null space?] vectors +6HH 17 eigen vectoro]|tt.
0] homogeneous equation (A — AI)x = 09 T3t special solution& 5= A0 2% o5& 4= Qlrt.
= A — M9 elimination2 -89t T free variable & shutoflut 1, U 2]o= 02 Y3 it null
space(eigen space)9] basisE Zro} &k &= glct.

3. 44 FEE0 A8 8

characteristic equationo] f(¢)Q] A QA (E= &) o] -3k Aol thshAl, (t— N7 £(1) 9] Q157 He=
St 7P 2 A4 kS A9 Multiplicity (F8%) T= Algebraic Multiplicity (H43 FE LX)zt gt
= oLBG A o iF Ae] AF4-E oJu|gitt. diagonalization$]-2 @ diagonal matrix Aof ZF A= algebraic
multiplicity¥HE VreRd T

o]® Mof| gt eigen space®] dimensiong S| Aof| it Geometric Multiplicity (7]513] FE )zt
gttt =, geometric multiplicity+= eigen space®]| 4] independant3t eigen vector=92] 7|42, A — A1 9] nullity
ol

n x n matrix A2] BE eigen value?] algebraic multiplicity S &6 no|th. E3SF ¢19]9] eigen valueo] T3l
geometric multiplicity:= algebraic multiplicity Bt} 231, Z} eigen valueo]] t]-2E]+= eigen vectors2] 3 3lo|
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Z+Z} independentStH o] 52 TSN E independentsith(A7} T2 T eigen vector= A2 independent
sith). &, ILE eigen valued] ]3] algebraic multiplicityTg9] 94 E 7[R += eigen spacef] basis
7} A58 diagonalization®] 7}5tal, o] basis§ RF WX RO Hjgt basiso|r}t. geometric
multiplicity= &4 1Rt IAY ZOoHEZE 7 x n matrixo] o3l n7}] A2 t}2 eigen valueZ} £A]gHctHA
3l matirx+= diagoanlization©] 7}5-5}t}.

o] matrix7} eigen valueo] i3] algebraic multiplicity 2T} geometric multiplicity7} 2+ 7497} QItiH
(diagonalization©] &7}%58}ttH) Defectived}ttal St

A2 THE eigen valueEo] 3t eigen vectorE-2 A2 independent$te], o]+= A =& 4 Qtt. Avy =
Av1, Avg = Aw90]2l A # Ao¥ T scalar ao]] il v1 = avo2t 2l 7FASEA};. advgy = adjva, Avg = Ajvs =
/\QUQO]EE )\1 = /\Q_Q_E E—,’_PO]E}

projection matrix PE H39j| b& o]® 27t projectiongt PbE 23512}, W ASHA L o|uf b7} sig 57t ¢
UATHA b= eigen vectoro|1l, s F7tell 2l Q1A A UTHH b= eigen vector7} of o}

eigen vectori= 11 04 g E] 7} ofy . HeF eigen vectorZ} GHE Y 4= QITHH eigen valueZ} F315] 251

et

2 o A]E R eigen vector, eigen value, determinanto]] T3] 2|32 0 2 o]s5 4= Ut

|

A =20

A2 =05

det(A) = 1.0

M =10

A =10

det(A) = 1.0

A = (0.87-0.5))
A2 = (0.87+0.5])
det(A) = 1.0

M= N “'C...
X2 =20

det(A) = 0.0

A =05 @\_

Mo 15 &
det(A) = 0.75

9.1.2. Eigen Value/Vector

| 94

e

—
eigen value/vector ¥ JA 52 -

_\3

2t
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/\1/\01]/\—1 X_]"]E] n X n matrix A7]’ Symmetricﬂ AIT—: 63—/\0} ]T elgen Value~ 7]—1] AQJ ejgen
vector2 A5 orthonormal basis(ONB)7} ZAgtct. =, A= diagonalization©] ]——O]-_x_7 eigen basis
E IO ZF eigen spaceo] £6F= basiso] )3l gram schmidt process 2! normalization& Z-&3]]
ONBE d-S 5 St} o] & Spectral Theormo|2kal Fhet.

symmetric matrixo]] A= A2 thE eigen spaceo] &3t eigen vectorE°] A A =2 orthogoanl
S22, gram schmidt processE UGt eigen spaceo]| —'—01- basisEo| A9 A-85}H =t

matrix A 9] eigen valueZ} A, eigen vector7} vl o] =& 00] o} scalaro] tal cx&® A 2] eigen vector
o]11, x9F eigen value”} 7"11]-. = xo] 5} cohnearf‘ﬂ' vectorE ESt eigen vectoro]|th.

= vector7} & Hke 7HE]7|+= A$ Codirectedsithal 51, 2+ H#bsF = AHubd)] 25kl A%
Colinearé]—ﬂ-i’ 9}1’4-

similargt matrixt= A2 eigen value’} Zttt.

Z, determinant, trace, eigen valuet= basiso] =9 %] 0|, basis changes #-83]| = W5} %] F=rt. 0]9]
e} linear mapplng_J A EHog aE 2 9ict

matrix A9] eigen value®] g2 A 9] trace(thZred, tiZHAdE 9] g9} 21, eigen value?] -2 determi-

nant@} 2t}

matrix AQ] tZHd B o scalar aTtE2] ZF2 T oH= -9, eigen vector= §-2|E| 11 eigen value: attE
o5t Zho] Hot. = g AR thE 79 eigen value/vector= §F HITE L& ).

ol FASHE Br=(A+al)z=Az+ar =X v +ar = A+ a)z Ao2 B & gl

matrix Ao]| tj5f], A"9] eigen value= A\"0]1l eigen vector= A2} ZT}.

x7} A9 eigen vectorztal SHH Aof] thaf] A0z = \100zo]lm & tFeA5}ct.

invertible matrix Ao 3], A~!2] eigen valuet= 10|11, eigen vector= A} 2t

x7} A9] eigen vectorgtl SHH Az = Azo]| B2 o] A7IE FoH A le = 1222 A2 5 ot
upper/lower trianlge matrix®] eigen valuet= £} Zrct.

matrix A7} upper/lower triangle matrix©|H A— AT upper/lower triangle matrix®] 22 determinant

7 iz e] Bol 53, ole] mhe FAsHAE thzbg ol cigen valuert Hel.
A9} AT= ZA3} eigen valueZ 7} A 22 eigen vectorE 714 = A& ofth
elimination< eigen value® H-E&6}2] ¢F=r}.

OFE matrixt} eliminationdf| A 7+ehs] Y 4= it

A=

Eo, th2i} 22 2 x 2 matrix A9] characteristic equation (3 — \)2 — 1 = \2 — 6\ + 8 = 00| 2 & eigen

value@] g}o| trace, 39| determinant?l 72 &Q1gk 4= Qict.

=

=

A®} B7} ZH7F Az = Az, By = ay2al 512} o] B9 C = A + B eigen vectorZ} x Ti= yehe 22 GASHAE
AAo|th AA 2 RS AL eigen vector’} FA|A] &=t St

o

1} ZHE matrix Q& SR} o]= vectorE 90k =2]+= rotation matrixo|t}. 7| '3]- 42i NS off o]d

rotation matrle vectors =8| 22 (ko] vt R R ) A2l eigen valueZ} A 4= §111, eigen Vector~ SFAF
24l

o=t ]

HAE 7o 2 WA A HFF o & 9THE rotation 4-8-6F= rotation matrix= that Zo] Ao
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cosf —siné
Q:[sinﬂ cos@}

9.2. Diagonalization

diagonal matrix= 75A| &, determinant A4}, inverse matrix AAF S| A |- 7+H 5},

9.2.1. Diagonalization

1. Diagonalization

Diagonalization(t]Zts})2 o] n x n matrix9] eigen value?} eigen vectors A8l diagonal matrixz
HesH= "otk A2 independent$t A9] eigen vector n7]2 columng FA$E matrix S9}F, S9] eigen
vector?] £A9} -2 &)= eigen valueS HJZMAE © 2 71X|= diagonal matrix AS AJZF5)A};. o2 424]0]
A st =, eigen vector/valued A3 diagonalization©] 7}5-5ftt. TSt 0|27 AE U= A2 Eigen
Decomposition E= Eigen Value Decompositiono]2t1l Stct.

AS =SA, ST'TAS=A, A=SAS™!

A O 0

0 X - 0
AS:[)\lml Aoy - - )\nxn]:[scl Ty - xn] . . .| =SA

0 0 A

S~1AS = A= S7} invertibleo]o]oF A Sttt =, eigen basis7} ZAdfjoF ZojE 4=
o] eigen basis7} ONBE A HH inverse matrixE transposez 7HgHs] L& 4
A~
T

eigen decompositiono]] 2]5t A = SAS~!1=th-& 1} o] 7|51etd 0 2 o5t
£ eigen basisZ basis changed}il, o] % eigen basis €]o]| 4] eigen valueZ scalingqt &,
basis® F¢|+= 45 50l matrix A9] A4to] 43Pt

P2
\L P1 A . vJ -~ e

Qltt. =, standard basis
ThA] ¥ Q] standard

2. Diagonalizable A
oJ® matrix A7} diagonal matrix®} similarstet Diagonalizablestttal @ttt &, diagonalization©] 7Hs gt
A& e,
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e 272 9H=ESH gt diagonalizableStth. & characteristic equation2 Q14-E||51 11, &2 712 = eigen
valuee] to s Bt 7151 3—157} 227 Blso At

1. 7] EATkaAl0] 4] ol $as] AR, Mxﬂm © A% W9lo|A A%Rafsofof g},
2. To] 7t 1% helAl %2 T—.Egr 7514 FREIL ek 2, A FRES} nullity(T — M) =

n — rank(T — A\ )o|t}.

A o A RE eigen valueo] ti5] th2 FEEHZO] A4S 7HA] = cigen space] basis7} EA|5HH
diagonalization©] 7}55}1l, o] basisE X5 @&A|H R"o] o2t basiso|t}. ©]= eigen vector= R™of tjjgt
basisE TAT & Y& BE A22E osd 4 it

}_ﬂ
o
o,
u
(¢}
r*°

SASTIE ASAZSEH A® = SA"S 1o 1] Z
eigen valuerx= FYUSH] A 5AF°| T+ 74 golat 4= 9l

det A = det(SAS™1!) = det A0| 22 determinant= 47| g 4= Qlch.
1?_].—'0—}: Akoﬂ ]:Hﬁﬁj\i ]f — OOO]Eq E_—E— eigen Value7]— ‘)\1| < 1
iﬂ(ﬂ %‘oﬂ/\-] Q%O] 011—’]01] /\Eﬂo]-% ] oFr A O]E]'I'_ ?1_1:]_

9.2.2. Symmetric Matrix

Symmetric Matrix(d|ZPH)= A = AT Q] matrixo]tt. Y47} A2l n x n symmetric matrix= th-2-1}
Te 32 Bk

o cigen valueZ} A4-o]tt. &, characteristic equation®] n7j|9] <& 7} th

Az = M7t A H S o), FHof| conjugate(Ze])E F5HH Az = Az = \zo|t}. transposestil x = ZofA]
A B \zTx = \zT20]EE \ = \o|th
B2 ol 27z # 094 Hojof eh sttt dg inner product gHe ]t ch-a3t 2t ojuf A&
Lrofe] FE T, = (at bi)(a— bi) = o>+ POIER x7} FAENQ Ao 7 = 07 ARk,
eigen vector= GHE 7} ol B2 21 # 00|}
e = T121 + Toxs + + T,
BT A 27} Badolwl s 7o) A erzth
o SFA} diagonalizabled}itt. =, gAY ONB7F &4t}
0]% schur decomposition®]gt= HH 6 2 =ro] 7}5-5tctal gt
o symmetric matrixo] tJ3]A] eigen vectorEZ FLASH R™ 9] orthogonal basisE &4 22 4~ Qth =,
Z} column-g eigen vectorS2 1A basis2 6H= matrix2 Qg 5HA, QT AQ = A7} A H3I)
A~

5l}9] eigen spaceo]| A= gram schmidt processE AFE5}o] orthogonaldt basisE IS 4
ot symmetric matrixo] tjdjA= A2 thE eigen space?] basis”7|2] A orthogonalsict.
oo S & Aok /‘1§ ThE & eigen value A, A0l thall Avy = Ay, Avy = Xouvpef
)\11)?1)2 = (A’U1) V2 = U1 A’UQ )\2’0{’02 O]EE ()\1 - )\2)7}?7)20]1, )\1 75 )\QO]EE ’UT’UQ = OO]E}

3 o030
o rfr
i A

o

o symmetric matrix A9] pivot®] B S 7|4 eigen value?] 535 7|49} 71'11]- Z oFf0] 4, &40
7H~,—7 09] 7H~,—7]— %= 7t} &5t oo uhet determinant”} Y4 /2421 2] of] W} eigen valueo| A %4/
_4 7H o]— P oh:]-

symmtric matrix A eliminationg -85} A = LDLT ZE=Z decompostiond 4= It} o|n D&
A £ 0] pivot el diagonal matrix©] 1!, A9} D= congruent(g-5)o]ct. Sylvester s Law of Inertia(4!
H Ao A HA)o| o]5hd congruentOP matmxﬁ]ﬂ L ecigen value?] B35 7471 24|, D& o]n]
diagonal matrix®]| 22 A 9] pivot} eigen value:= B35 7]4=7} 2t}

o]o]| Wl symmetric matrixo]] A= positive definiteQ1 2] S THEHEF ff eigen values A Foh=
41, eliminationdf| A pivoto] F g HF HH ).
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10. Matrix Decompositions

Decomposition(&3]]) T+ Factorization(Q423))&= 51t matrixs o 7HdslALY EA A 9] matrixE=2
s s o]t

CR, LU, spectral decompositionS W Aol A thF2] eFx|qt, shA 4 gt

10.1. SVD

eigen decomposition-& j|-% M 2] 5}A| 9, diagonalizable$t square matrixo]] tjsjA gt -8 71535}t SVDE= ¢l 9]
O] m x n matrixo] thslf 2-& 7}~0}3’—, I+ vector space®] 7|5}eH24] WSS UEl B = oJn|7} it} ofof whet
SVDE fundamental theorem of linear algrebraz;il = 3tct.

10.1.1. SVD

1. SVD
SVD(Singular Value Decomposition)= ¢12]9] m x n matrix AS A =UXV? Z2 }+= decompo-
sitiono|t}. =, eigen decomposition2 ¢ 2] 9] matrixo] tjsf] &7Fst A o|ct.

AV =UY%, A=UxV7T

matrix A= R" = row spaceo]| A R™9] column space® vectors HWTt o]of wat U, V, Yof djst o=
thet At olu r = rank(A) = rank(ATA) = rank(AAT)7} AE35E2, r& 00] od singular value?]
Aol 2t
o AT A9 ecigen vector2 FLAJSF R™9] orthonormal eigen basis vy, --- ,v,= AZ}5}2}. VE o] vector
E2 columng TSt n x n orthogonal matrix©|t}. o|uj| orthonormal eigen basis vy, - - , v, & right
singular vector2tal Stct.

olmf vy, , v row space?] basis®|l, v, , v null space?] basiso|T}.
o AAT 9] eigen vector2 A3 R™9] orthonormal eigen basis ug, -« , upma JZH5HAE U o] vector
E2 columne FASH m x m orthogonal matrixo]t}. oo orthonormal eigen basis uy, -+ , U= left

singular vector2tal St}
oJml uy, -+, U2 column space®] basisO|al, Upy1, -+, Um~ left null space?] basiso|tt.

o Y= gJZFAJE o] Singular Value o1, - -+ , 0,2 T4 = m x n diagonal matrix2, Singular Value Ma-
trixe} 1l gt} ojuf] AT A9] eigen valueE A2} SHH Singular Value: t}-&a} Zro] A o=} o]
w}e} 17bA] = singular valueZ} 9F4=0] 11, r+15E] L= singular valueZ} 00]t}. ojuf] AT A9} AATE= A2
transpose TA O] B2 eigen Valuel—— z

o2 =X\. o=\

Tl i=1, -, rof tisfiA] Av; = oyu; 7} A& TTh =, singular valuex= R™ 9] orthonormal eigen basis
£ R™9] orthonormal eigen basis® X ° | %,E% scaleSt=(F oA W= scalaro]tt. basis7| 2]
o o] ZASRE 739 singular valuer} 9Fe] A5gkS 7HA1A 51, w30l ZAISHA Pk 75 (nul
space2] ba51s)°ﬂ1_ singular valueZ} 0] Zt}. o= ‘%l' 1 o+ d four fundamental spaceso] Al o]af&
=

Y= 85t AQ} shapeo] ZTh.
SVDel A= A 2 2 singular valueE WHEA =0 2 FE| LYehdr.

ol U} Vi orthogonal matrixo] 1, ¥ scalingFhe £3st0 2, Az = UNV a x7t VTo| <Jsff 34
(== reflection) H 17, o] ]3] scahngﬂj’_ Ul 25§ E’r/\] ﬂﬂ(mh reflection) &= 7 © &2 o]3fja 4~ ¢t
VT standard basisol| A {v1,...,v,} 2 22| basis changeZ 5385}, Ux {uy, ..., Uy, FollA] standard basis
2 9] basis changeE 43§35ttt =, eigen decompositionof| A2} 7Fo| standard ba51soﬂ/\1 orthonormal eigen

[*]
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basis®] coordinate®Z ¥H2HSF T, L& scalingd}™ dimension augmentation(or reduction)-& %3 HttjH 9]
orthonormal eigen basisZ mappingd}lil, ©]% thA| standard basis®] coordinate® HEH= Ao 2 o|5|T
4= Qlt}. eigen decomposition®©] S U3t eigen basisE AFESITHH, SVD= A2 TFE2 5 orthonormal eigen
basisE A&}

U1 A‘
v
€2
P P E"
= el >
A
—

T
A —— Faley |
-

A s
Segiseay

51

N —
|

Avi = ogu7t BYSREE, A THE S40] BTt 2ol 4

go] = ol &= Utk
(01 O 07
0 o9 0
A[vl Vg U vn]:[ul g e Up e um]
or
|0 0 0]
2. SVD 4

singular valuel= AT A, AAT 9] eigen value®] A J23} 2t} th-21} Zo] SVD7} ¢ 2]9] matrixe] tj&f Ga
#2529 % 9.

oFA O& A H 2199 m x n matrix Ao]] Thaf] AT AE ABZF51A}. ©] matrix= positive semi-definiteo] L2,
i > 07} AE35}o] singular value 0; = vVAS AT Aolg 4= 9tk T35 AT A7} symmetric matrixo] B2
AT A9] eigen vector2 LAt orthonormal eigen basis vq, - - , v, 0] FAF ZA3tc}.
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AT A9 eigen valueZ AF23)], singular valueE o = /\; 22 A 2|51} singular value= r7] 9] ¥4} n —r
7hef 0o = S/ H .

OlA| o;u; = Av; & WESH= orthonormal eigen basis 1y, -+, 4, 0] EEAT-S HolA}. R"™9] basis = null
space®] basis7} obd r7§9] vectorel] A= o # 0013, u; = 4% =2 g 5= Qlek. ouf vy, -+, v,
orthonormaldt2 2 ulwu,; = ﬁajviTATAvj = Ui‘gg vIv; =0, ulu; = JL?UZTATAW = %’UzTUZ = lojt}. =,
w1, -, up= orthonormald}ch. T3 AATy; = 7AAUT_A“’ = )\i% = \u; 0| B2 AAT 9] eigen vectoro|th. TS

AT A9} AAT 9] (o] o} eigen value= 2

U1, -+ ,u-©] orthonormal eigen vectorE©°|E 2, m-r7]|¢] orthogonal3l vectorE< gram schmidt process
52 O] 3] SL51H R™9] orthonormal eigen basisgE Z2H2 4= Qltt.

3. SVD 3t F3}7]

SVDE AAl= 4=34s17] 918 U, V, B& Foh= ‘%‘?Q% th& ek o] VoL US 7k2F AT A9F AAT o digh
cigen vector$ e 0.2 AT S YA, 0|8 FohE £57) 0 SFE A7} EAGIE 2 E Bl
shutel tis] 3 5 oyu; = Av; QL 083 u}q{ ‘—% 6 = 7 AAE3sItt o] B § EYA]E eigen vector
= B57F HAFHE o] A 5] eigen vectoro] 7] wfj-Eof ¥A E}

1. ATA) Aol vy, - -, vpS FSFAY, AAT O EHEH UL, - U TIT) 2 eigen valueS LS H, eigen

vectorE ¥ 11 norm© 2 U orthonormal eigen basis& -4 gttt

2. singular valueZ} 00] opd EEo] o5 g2t H wq,- - ,u, B v, -+, 0.2 FSCE I8 n B m
o 93 W 2] vectorE- 83| etk AAT, ATAR F5EAL, 51%%79,21% A-¢-Att, gram schmidt
process= A48 4= gt

3. % SR U, V, 08 T4 oju] £412 2 37} B,

E3H SVDe] FAlof wret ATA = VSV, AAT = U?UT e} o] YeRE 4= QlEd], o] 242 spectral
decompositiono] B2 o = v/Ao]1, ATA, AAT 9] eigen valueZ7} 2SS 8215t = it}

7+ space?] orthogonal eign ba51s— zr eigen space©]] t|3} gram schmidt processE 43§l L& 4 JX|TH R"
JJ- R™ 9] basis”7| 2] mapping¥® Eﬂ S1A gttt SVDE singular valueE AFE3Sl & basiso] o $t mapping&
Lebict

eigen decomposition®]| 4] matrix P+ orthogonal matrix®! @ Q 7} g1 x|qt, SVDo]| 4= UL} V7| orthogonal matrix
o]B & rotation(®E= reflection)o] A-g&+= 202 o] 4= Ut}

symmetric matrix A € R"*™of tgt eigen decompositioni} SVD+= 5 5}ct.
AX BH AL m xn matrix Ao i3 SVD A = USVTNA UE mxn, L2 nxn, VIE nxno g Ast7|
5t} o2 Reduced SVDaF 131, OFo| A A o5t HAlS Full SVDaka st

10.1.2. Matrix Approximation

1. Matrix Approximation
rank7} Q] m x n matrix A2 SVDE tf-237} 0] rank-1 matrix(outer product)®] g0 2 LeRd 4~ Qlct.

n

T T T T T
A=UXV" =o01u1v] + o2ugvy + -+ + opu,v, = E o U V;

oluf t}&x} o] OPE = k7fgt AF8-s)A] rank7]— kQl matrixE& 4-& 4 &4, ©]E Aof tf$t Low Rank
Approximation T+ Rank-r Approximation, - Truncated SVDz}al gttt

k
= E O'Z‘U,"UiT
i=1

2. Matrix Approximationi}2] Error
error(distance) & &4 5™ matrixo] st norme A 2J5fofF Str}. o 7| o A= matrixo] 3t Spectral
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Norm= AHE-SH=E

BE vector z € R"\ {0}e]] T3 th& 4417} o] A e|Hck. =, o] ol® vector xZ
matrix Ao FHE c}.

1,
0] scaling=)= Zt] A0S o]ms

|| Az||2

|2

[|All2 = max
xT

oju] A9] spectral norm2 A9] 7} 2 singular value o1 0|t}. (©] Oﬂ gt 9L th2 2] et

rank”} rQl m x n matrix A9} rank7} k@1 m x n matrix B7F 911, k < rd o], t}2o] A3t o]l&
Eckart-Young(o|7}2E-%) Theoremo|ztil $tr}. Fo3 matrlxoﬂ EH?} low rank approximation2 4
F o, 2 e A= Hadshe 229 §71 SVDE 58 &2 Hel theoremo|tt. ol w2 W A(k)7
errors FAZSH= matrixgtl -2 o o)== th2a} 71'_’, olw 9] error7} oy 1©|th. =, singular valueZ} 2
rank-1 matrixE2] $+° 2 UJERH low rank approximation®] AA| 2 & 9] approximation©]t}.

5

A

k
fl(k) = argmin,yg)—k||A — Bll2 = Z:criuivlT

i=1

14 = A(R)llz = or41

e *ﬁ%@t}(%&ﬂtﬂ wAy %% Zarskat). & A 42 ZF matrixE rank-1
H ™, spectral norm2 7} £ singular valueO] B2 st

A A 2o it S
matrix=2] gto g2

(a) Original image A. (b) Rank-1 approximation Z(l).(c) Rank-2 approximation ?1(2)

(d) Rank-3 approximation ﬁ(3).(e} Rank-4 approximation 2(4) (f) Rank-5 approximation 2(5)

10.2. T+9Fsl Decompositions

10.2.1. Cholesky Decomposition

Cholesky Decomposition< positive definite matrix AE- lower triangle matrix LT} 7 A x|§H o] Fo g
U= decompositiono|tt. o]uff L& A 9] Cholesky Factorz2til s}al, L& s}t

A=LL"

cholesky decomposition®] Z} I;;22 A°] 4o}, ool Altbd I;;gko] o™ At 4= Stk o
e gol At

il
[
2
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Example 4.10& (Cholesky Factorization)

Symmetric, positive definite matrix A € R**3 2 ufj, 0| &#249| Cholesky factorization A = LL ' & 3022 8171&L|Ch. Cholesky Factorization

S geistol Ch2t 2aLct
[»u_l as (1»;1-‘ [l_l 0 0 -‘ PL Iy ],n-‘
A= lay ayp ap| =LL =il Ipn 0 0 Iy I (4.45)
\ﬂ:ﬂ asz “?L".J [i:n lg2 !'::;;J L 0 0 ];mJ

[ & CILT il
A= |lnln 2+ I31lo1 + 32
[z,,lz,l Laloy + laaloy B + 13,

)'l (4.46)

las
2.
02 4 (4.45)2| Et3ta} b| 2B, diagonal elements L; OIlA CHS Q) ZHEHSE IEO] QICHE ZHS & 4 ULCh

=y, lep=+lan—1B, ln=/an— @ +15) (4.47)
oh2t 24 Of2lof Q= RASE QAISHH| CHS 2 ZH0| HHEE| = THES 2L Ch

ly =7—an, ly=i—an, lp=

—(agy — Inly) (4.48)
I In

0|27l positive definit 3 x 3 WZ0j Cisl Cholesky decomposition2 F&Z 4= AELICH Cholesky decomposition®| HH2 a;; 2| 22+ O|FH0f| A LHEl

ZAS UM YCH [, 2 SO AT % Qs ZULICH

10.2.2. CR Decomposition

CR(Colum-Row) Decomposition2 2|9 m x n matrix AE F J& Ce} RE Y= decomposition
olty. = A =CR EZ Y&t} ot C9 column A2 column space?] basis®] 1 (basis of C(A)), R2] row
= A 9] row space®] basiso|tH(basis of C(AT)). &, CR Decomposition& column space®} row space
9] basisg ol &afolth

CR decomposition?] ¥}A-2 oo} Zct.

1. A EH_ZZH matrix C& FA¢tc}t. AHA columne A9l AHA columng 1 YE=th FHA column
2 9L AW column WE 5 G WU, WE  glow 1 YA BE & glew Y
e

2. T WA matrix R& FAAS AHA matrix®] columnE-g &85 7]& matrix@ AT & A==
A,

ol A9 ZF column©| C2] linear combination?] 22 1 #5HH R2 A7) 4t =, T2 columnE=
UE 9}}:— columno] ofY ™ slLgt 10131 Y Z]= 091 columno] 59717 EH i, ©E columnEZ
s 4 AT o linear combinationo]] tf-§-5 = gkEol So17HA ot
E e A— 1 2 4 Columns 1 and 2 of A go directly into C'
Xampie |1 35 Column 3 = 2 (Column 1) + 1 (Column 2)
4
1 2 4 1 2 1 0 2 2 columns in C'
A:[135]:[13}[011]:CR 2 rows in R
EL ofgot Zo] £ o Wake s EAE
1. elimination® 2 A9¢] Tt RREFE LStct.
2.

A ) matrix C& P4 A2) column % RREF]A privoto] 9l 91712] 2E-S 7142} A e 2
g FHa

3. & WA matrix RS FAISHCE RREFO|A 0025 o] 207 rows 5 A ASH A& RZ it}

10.2.3. LU Decomposition
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1. LU Decomposition

LU Decomposition2 m x n matrix AE lower triangle®l m x m matrix L3} upper triangle?l m x n
matrix UZ Ut decompositiono|t}. =, A = LU &= =Tt

3t rowo] scalartl] 3jA] T2 rowo] JF5}= elementary operationE AFRSHH AE row echelon form © 2 JHE
4 =g, oA Uolt}. 18|11 3| eliminationo] AR% elementary matrix2] inverse matrixs 25 &3t
740] Lol "ty &, (Ey - E)A=U, A= (E---E) U, L= (Ey---E)" ' = E_1-~Ek_10]11}.

row®]| scalarH] 5]]/11 T2 rowo] H56}+= elementary matrix2] inverse matrix—=, row 7}l Hol= scalar?l
Multiplier(54~) 9] B35 v 20 2ot EPOﬂ SHZ LS rowo] multlpher_J L2 T35 g9 oHO‘F Lo

-

Zro]l vr2tt. o] elimination2 $1% rowE5E z]-x4 og 23] 71, L B 101]/31_ Jdgrom
TRE B ol rowsHH 4tE o] /\1§4 Aitell FF= F4 L= ‘:’r = L«l ‘QEP—E% -5 ==
elementary operation5°] gt multipier®] 59 vt AES 1 do|F %1’4—
1 0 0 1 0 0
E=12 1 0|, E'=[-2 10
0 0 1 0 0 1
1 0 0 1 00 0 0 1 0 O
E3BEsEy = (0 1 O0f |0 10 2 1 0|, L=E'E;'E;'=12 1 0
0 3 1] [-2 0 1 0 1 2 -3 1
Z LU decomposition2 o}gfjo} Z+2 v 2 38 2~ 9]

1. Aof row®] scalartl] A tF= ro Q] F5}= elementary operationg 283 US Y=L

2. elementary operation®]] AF-&% multiplier®] 255 v tjS&]= 9x]of o] L& TH=th
2. PA=LU
invertible matrixo] of3j] LU decomposition% 285t off A} 3t row 2] scalartf] & thE rowo] B SF= elemen-
tary operation© 2 decomposition®] 7}53gt AL ofut}. E5| pivoto] d|Est= 92 2] AEo] 021 AL
T rowE HHL= elementary operatlon— 7\4510]]0]: Sk 4 9l permutation matrixs F5t= ZA0F o]l&

225t 4= 9)t}. permutation matrixS-2 | elimination 7o) 2 4% 9) 11, elimination A]ZF Hof] B %+
A8 S Qi FRAE T4 o el

 ofels} o] 24 4 it

JIN

P,---PPPA=PA=LU

3. LU Decomposition?] &3
LU decomposition® & matrix AS L1} UR Urte AL oo Ago] &gt}
U2]9F lower /upper triangle matrix®] 22 A} 7 9] 5 ATt storageS AFHES 4= ¢
I A YEAE Peks] 7 % ook
2. systems of linear equation Az = b& T 47 & & Ut E35] L} U9 T35t equationE Loj a4 =
A A=, U tisiA = = oY OHH E T At 5, o/FREH oA o2 g sk |wt 5fH xE
7% % olch
3. Ax=b @At eliminationg AFRSH= AL 2 = bA~1E L5t= Ao vl computationS &Y 4= 9t}
n x n matrix Ao]] 93t elimination costE A Z}Sl| H 2} F5}1 T 5h= AL @ =2 A ZFstehi 2t pi
Zg AR 002 PEE e Y rows A Q]S o2 ofef % row BEFot AR R YR —k = ind+ ..
o|tt}.
gt Ax=bel 4 bl Sfsl
v s A 71 O}EH HaEo] ¢
9]0] GFE-S ALg ] A% o
n2o]t}.

25} eliminationd £885l= 2L AZIs|HH o]
St= AolBRE (n—1)+(n—2)+---
g o] 7] 5t Ao|B& 1+ -+ (n — 1) + no|t}. o] 52 st

=
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= A el5hel AShb 2k2}o] T climination®] Ln?3} n2] QAteko] W e Ax=bl 2 = A~ 1bEE 78 4
9], A~LE L5t fo= 2n3 9] AteEFo] ”J_QLO]-T%_T’_ gttt = elimination& &-86F= LU decomposition
o A oA o mEHolct

Lower Triangle Matrix(SHZt )= A& 91& AEE0] 4fo] 5% 091 n x n matrix©]1l, Upper Triangle
Matrixt= thZHJ B ofgj& AJE 50| Zho] E5 021 n x n matrix©|t}. lower/upper triangle matrix ] determinant
= BE QAR S Bel 72 4 Ak

LU A UE diagonal matrix D2 Z7|] L ¥ual ojyz} U9 tjZHAE L 12 Ft=X= LDU Decomposition®]| 2=
decompositione. ZA|sttt. =, A = LDU=Z E&}|stc}.

10.2.4. Spectral Decomposition

1. Spectral Decomposition

Spectral Decomposition< symmetric matrix AZ A = QAQTEZ Y= decompositiono]|t}. oA Th&2
A A4 symmetric matrixo] i3t diagonalizatione AL 71561, QTAQ = AZ=2 Yetfo] At} =,
eigen decompositiong symmetric matrixgt+= 4> 7|o]| Ao Z-235F Aot}

A=QAQT

2. Rank-1 Matrixi Ad
Rank-1 matrix= 25 column F= row”’} sh}2] vectore] A48l Ql matrix2, B33t matrixs E35H=
] 992 F2 /\]'—354 L matrix0|t}. o]t ot H W o2 ZAXE T vector?] outer product & xy’ 2
B R

olo] et A = QAQTE= E]-Oﬂ]- Zro] Yehd 4= Qlrt. oluf ¢l = n x n matrix®, ©]+= 1) rank-1 matrix

o]
©]3l 2) projection matrix®]1l 3) symmetric matrlxo]l’)r.

Z, symmetric matrix:= symmetric?l projection
matrixE9] gto 2 vetd 4 it}
Q1
A=QAQ" = M1 Aogz - Aadn] q2 = Mqai + M@ + -+ Mgy
Q’I'L

N7t 58k =08 FhAEo] L, dF N\ Qlojk FESIHH o]P A rank-1 matrixE2 UEIS o 5
Qe % g5 1 Md 5 9l olel Ao HolHE 4EeAL Fag AUy FEo e ol
Erachy

T SF Q7} orthogonal matrixo] 22 o] 7| rank-1 matrix® A5t =419 Q2] column2 E5tH ¢ 7tet3]
e 4= ot A5 =0, S v Zol A7t 7HE 5t

Ag = (Mg +X2q2q3 + -+ M@nh )1 = Mgl @1 = M@

11. Vector Calculus

Vector Calculus(#g u]Z 18} of A= vector, THH S functionof thgt a4} o] ’ESH, rdg =S thE . vector
calculus= MLof| A AF&6}= 714 7|2 A 0] 4~6H4 3 & 52, E6] MLe] Be & 318]&-2 objective function
2 A4kl AL 1 BAoR g,

o] &o] AAL functiono|t}. function(FF) f= d¥tA oz x € RPS} function value(§3k) f(z) € RO
ojjst mapplngO]E} ol RP= f_,] Domain(A2]9)o]H, R& _J Codomain(#9%), function valuez A5
ke Image/Range(X]¥Y)0]

ol Z} function-2 ]—.—7]—20]-13]-_1_ 71Astal, w2 AgslA] =t real numberdt tHEC

O
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11.1. Differentiation

11.1.1. Differentiation of Univariate Functions

1. Differentiation of Univariate Functions
Difference Quotient(ZH2 I5t)= oS3} o] AXE Y, o]= T A Secant(&4)2] Slope(7]27],
H3hE)E UERdT o]= sfd 1o A 9] Average SlOI)e(%—E"ﬂ?}%)EE ojafje 4= Ut

oy _ flz+0x) - f(x)

ox ox

7t E7Hs S o], o — 00f] thgh =32 secant+= Tangent (Y A) 2 4FSHA =1, o] o] gf E5F x| A <]
/9] tangent7} 7}A] = slope2 "3ttt =, fE Differentiate(0]2)3) 42 4+ 17‘:— /9] Derivative(&=g
)£ vt Zol Aejgn

2. Differentiation Rules
712 A ol differentiation rule2= th23} & 7Z=0] Qict.

Product rule :  (£(2)g(a))’ = f/(2)g(x) + f(2)g/(x)
)' _ f'(@)g(z) — f(z)g'(z)
)

Quotient rule :

(
Sumrule: (f(z)+g(z
Chainrule: (

2" 9] derivativel= nz"~1o]11, o] 9] A3} o|FA =

11.1.2. Taylor Series

rr

Taylor Series(HI9d F5)= 499 function f& EH 4] zool WA polynomialZ FASH= HIHE
o2, fE old o] Rt o s FATCH

70941 f : R — Re] 07} Taylor Polynormial(el &2 chah4])& o5} 2ol el ojnf £ (o) w
of| A 2] kZ} derivativeo] 1! f ( ) o Coefficient (A4>) o]t}

k) (g
Tn(l') — Z f k(' 0) (I _ xo)k

k=0

smooth function($14:0]31 U]—r7]-%§) fec® f:R — Rof tjdll, ool A9 taylor series:= th23} ZF
o] AoJ=t}. =, taylor series:= FSH7}A] 01-0 H5l= taylor polynomialo]2tal & 4= QIct. ojuf QheF
f(z) =To(z)2t4 fE Analytic(ﬁﬂ&‘,‘;ﬂ)ﬁ]—ﬂ-j_’ gttt 29 = 0914 9] taylor series™= Maclaurin Seriesa}_T’_H—_
St

4 (h) (4
Toow) = S L0 (g

o] polynomial?l function fof i3], fo] A5Ht =& 245 AFES|| 1§ taylor polynomial-2 f@} Y *|gtct.
FAHAE 71&E Z4-Heh o go] differentiatestd 00] & of 0401745:? 2447} g A H o

11.2. Partial Differentiations and Gradients

11.2.1. Partial Differentiations and Gradients
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1. Partial Differentiations and Gradients

o2 719 45 71A]= Multivariate Function(GHH 4 §442) 9] derivativer= Gradientztil o} gradi-
ent= Partial Derivative(Hu]&)o 2 13k 4= It} function f: R" — R7} & W, z = {z1, -+, 2.}l
oSt partial derivativet:= TH2-} Zth. =, gt H4of s A et differentiatedt Z o] Tt

8f — 1 f(fE1+h,J?2,"',LEn)*f(fE)
—— = lim

8561 h—0 h

ﬁ = lim f(x17x2 +h, - ’wn) - f(SU)
3:172 h—0 h

ﬁ — lim f(x17x27"' ,$n+h) 7f(x)
3$n h—0 h

2Z column vector = [x1,- -+ ,z,]T 2} 5411, Bh-& 1} Zro] Z+ Y 4-of Tt partial derivative® Z} column-2

Al 4= Qlt}. o= A multivariate function®] th3] partial derivativeE H2ot =2 Z1-& fof gt Gradient (%=
+= Jacobian)gtal $tr}. V&= xof tigt gradient Yy ERHACE

Vo f = gradf = % =

of of  of

Oxy Oxy’ Oz,

} c ]Rlxn

2. Gradients of Vector-Valued Functions
gradient 7]\d-& vector-valued function f : R — R™ O & Autslst 4~ Qleh. fo} v =[xy, -, 2,]T ol TisH
function valueo] -&%]= vectore} zof st partial derivative:= th-&3} Zt}.

A=) %%
R@ | g |75
fnl(x) Lfgx(x)

vector-valued function f : R™ — R™9] RLE first-order partial derivatives(12} HEF)9] collectionS
Jacobiano]2tal Sttt o] n dimension®]| 4] m dimension© 2 HW¥E function?] jacobian J&= th21} -
L m x n matrix©|t}. graident= jacobian®] special caseZ || 4= ATt =, column?] 7= HE0
N4=e] 11, row?] 74=% image/range/codomain®] dimension®]t}.

agm o aéfl(x)
df o o . Ofi
J=Vof == Lo G0 =5
Afm(@) . Ofm(z) J

oxq Oxy

jacobian-& coordinate transformation-2 e &= matrix©]th. o™ mappingo] tJ$t coordinate transforma-
tion2 WYE+= matrixt, S| mapping©] linears}thH ©<>3] transformation matrixg Zro} 42 4= It
SFA|9 non-lineargt mapping®]] A= partial derivativeES AFE3H= T general§t B2 AF-&3fjof gt
coordinate transformation®] non-linears}tt¥# jacobian< ©] transformationS lineargt 71 0 2 ZLA}SHCE
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Figure 5.6
Dimensionality of
(partial) derivatives.

o]t Zoil M &H4~2| derivatives(&=&4)ol| CHol Amgtn, 2 S| Rofstu Q&L

£
=2
[m]
=
2

a7t f : R — R2tH, gradients theds| AZ2t gk @LICHtop-left).
f:RP — R2t, gradient= 1 x D row vector YLI|C} (top-right).
f:R — RP 28, gradient= E x 1 column vector L|C}.
f:RP — RF 221 gradient= E x D matrix 2L|Ct.

3. Partial Differentiation Rules

partial differentiation®] tJsjAE= theit -2 ruleso] AHESIT o2 Ao A2t ZHo] chain ruleo| A=
npz] RO} EAFO] 0f 7t AR AAY ALFE 4= AT

Product rule : %(f(w)g(m)) = %g(m) AL f(m)g%
0 0 0
Sum rule : a—m(f(m) +g(z)) = 8_:]:: + 8_:i
0
Chain rule : Bia:(go i) = a%(g(f(m))) = %%

o]u multivariate function®]] gt jacobian®| matrix¥ 4 QO B2 chain rule2 matrix multiplication]
FH= 2HdE o Aot

gradient(jacobian)2 F+& W= 24 shape2 SHQIgH 5 AXl6= Zo] B
gradientE o] Z 7| columno]l 2} gk2 o] row vector A BASI= A2 A4te] Thuel ofiFolz2tal gt
22 chain rule€ matrix mult1p11cat10n4 FH 2 e = oA o]t}
FHz, o ol s & f : R? — R S AHEUELICHL FIL2 2y, 2 = ¢ O CHE
gradientS A 4tst2® CHZ 3t 20| multivariate g4=0f| CHEt chain rule (5.48)2 X &3fj0 F'°.; IEL

0] of day , Of 0us
a%t(t) 61171 E)t awz 075

(t) = BolgLic. t of chsl £ o

uor
H
i‘_:
Ei
S

Y-l &

dt ~ Lom o (5.49)

0{7|M d & gradientE, 0 2 partial derivativesS LIEFHLICE

1, Ty 7H 7ol 1% 5, £ O THSH &4 @y (s, 2), a (s, £) 01 F(21, @) 7t 2US T, chain ruleS ALR310] L2t 20| MOl A4t H3t

Ede + AFUC

Of _ 0f day _ Of da,
8s Oz, 0s ' Oz O

8f  8f 8z, Of Oxs
9 " a0 om0 &)

(5.51)

J2|1 A Fof| 2o M gradient= CHS 1t 20| B2 4 AUHLICH
af — ﬁ il — [ﬂ ﬁ} 681; 3(; (5.53)
d(s,t) Oz 9(s,t) Ben

of

Oz =LA

S0, vector y7} m7]|Q] YAE 7} 11 vector 27} n7|Q] YAE 7FA A, jacobian® m x n matrix7} 1,
o] 7% The ol Weo] ¢S 2 W jacobian matrixE 24 4 k.
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oz Oy,
dy ! .
du OYm ... OYm

oxq Ox .,

b2t Zo] chain ruleg AR @/d ol HiRt jacobiang A4t Wloll=, = g(t)2} 2ol function value®}
HeE wrFE o|dl|7f w2t &, ZF function?] domaini} docomaing 1tofsly, o]F x=g(t) = Zt

function2 A5} chain rule2 YJelJo] 44 & 4+ 9t}

Example 5.10 (Chain Rule)
Lt 20| FOIXIE &4 h : R — R, h(t) = (f o g)(t) llM ¢ ol Lt b 2| gradientS AlXtel 2 =2 sp2U&LICh
£ : (5.69)
g: s R? (5.70)
f(®) = exp(z123) (5.71)
'] _ |tcost o
* IJ 9(®) L sint} (5.72)
» RO|D, g : R — R?0|22, C}a3} 20| HEd4o| alg HAEE 4+ YALICH
9 cgia, 99 paa (5.73)
oz ot
T8t 10Xt 8tz gradient= CH2 1t 240 chain ruleS X &30 A Atet 2 QI&LICE
dh _ 8f of  of E 7
= (2 Z] (5.742)
= [exp(z123)23 2exp(z123)z12s] (5.74b)
exp(x123) (z3(cost — tsint) + 2z zy(sint + ¢ cost)) (5.74c)
(x; = tcost, xp =tsint)
losso]| st graident=® o] Ao g L&k 4= Qltt
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Example 5.11 (Gradient of a Least-Squares Loss in a Linear Model)

HESSIASLICHOFN =5 O XtAI5] CHELITH.

oy, L = FH=r, 0|2 9IehM chain ruleS AFEBILICE 07|N L 2

0|2 87| Holl, ®H gradiento] Al S ZFelLICt

Cheh, Of2fgt B WIS I, 9 2] 2k S04 =

11.2.2. Gradients of Matrices

least-squares loss functionO|2t1

y =20
0f7|M Ch3el g5 FolgLch
L(e) := |e|f?
e(d):=y— &6

SELCH

oL 1xD
— €R
06
Chain rule2 M85, gradientS CHa 1t 20| By g 4 ALLICH
OL 9L de
00— 0e 06
047| M d#Hmf elementi= CHS2H 20| O LICH
N
BL
— n d]
n=1 66
le|* =eTeolzz,
oL T 1xN
— =2 R
8 €
0|1, Chgof 2t Ag 4= ABLICH
Oe r
9€ _ _g ¢ RNXD
0 <
f2tA, 6t X} 8= gradienti= ChS 2t 20| Al LHELICH
oL g ) T_gTeT 1xD
= =9 -0 _ _ x
% e’ & 20y’ -0’ )3/ €R
XN NxD
Remark. Chain rule2 AF2SHX| 11 E CI20| Alo2 SUSH ADIE HIZ A2 4 YSLCH

0|° = (y — 26)' (y — 20)

20| X|2F, deep function compositionsOil A= A 240| gi&LICt.

6 € RP 7} parameter vector, ® € RV*P Jtinput features, 12| y € RY 0| LS E|&= observations(2ZX]) & m, C+S<| linear modeloi| ths At

(5.75)

(5.76)
(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

(5.83)

(5.84)

o|¥ matrix A9} B
C}A] shapeS 235

Partial derivatives:

04 _ o
9z A pis
dz

collate
Py

A
dx, -

[~

—_—
2

(a) Approach 1: We compute the partial derivative
a:‘ N ngg B g el each of which is a 4 x 2 matrix, and col-
late them ina 4 x 2 x 3 tensor.

Jijkt =

p X ¢ matrix Bol| tJgt m x n matrix A2] gradient(jacobian)+= T2} Zro] AAFE T},

8Aij
0By

AR
dA e Ao
AeR™  Acr® @ <R @ <R
o .

(b) Approach 2: We re-shape (flatten) A € R**? into a vec-
tor A € R®. Then, we compute the gradient 44 € R3*3,
We obtain the gradient tensor by re-shaping this gradient as
illustrated above.
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gradient of vectors respect to matrices, gradient of matrices respect to matriceso] gt A& Lo} 9] O

o QoA Faskat & o 4 YAof tiet partial derivatives
derivative® FolA o 7Hds| YeERf=

11.2.3. Useful Identities for Computing Gradients

ZA2A o 2 el  differentiated} A, 22 0:131

approach& AF& O]-_Tl A

== #* < F118 graidentE © Itds] AL 4= St ojnf thE A= matrix, AFA = vector(column
vector), tr()2 trace, det()= determinantoll’%.
a r_ (9F(X)
ax ) ( 9X
a _ . (9F(X)
3] _ 10F(X)
3z BT = det( 7Y (7)1
0 LOf(X
25t = —p(x) X )
Tyl
o e (xYy ab'(x ty
dze'a o
dxr
da'zx |
=a
ox
L,
I
BmaB:n _2"(B+B")
€T
(,_%(w — As) W(x — As) = —2(xz — As)' WA for symmetric W
2T Bxo] tgt derivative= 215 283522 E3] 7] 25}HA}

11.2.4. Backpropagation

1. Backpropagation

deep network= Th&- 7} ZHo] B2 functionE-2] &
networkoj| 4] graident&
differntiated}l= A& 1 cost7} o]
g 4 ok thg 2 A o
parameter A9} b5 7} T

s
g 49l

deep network @] Z} layer= 21} 7o 1t

graident”} @ Q 5}tt.

fo=x

L(0) =|ly — fx(8,2)|]

58

9= (fxofr—10-"

tion function(ex. ReLU, sigmoid), 8= parameter % ?:} {4, bg, - - -
y7F Fol A& ol o] networkE SF5A| 712 W KL= parameter Aj,b; (j=1,---,

backpropagationo] o8] &3 o] A 4+ Glck. ofu] 734 He 7}

g o2 olgfjgt 4= 911, o]o] whet chain rule2 E-8-3f deep
Backpropagation(@,ﬂn}) o7 1Sk 4 P ot AA &

AL Solsty WA H o R

= 4 9l=1], backpropagation2 &-835}H 337‘4 ° 2 gradientS AAr
input, y+= observation(ex. class label)o]3!, Z} function f1,-- -, fx+= Z+Z+9]

o fi)(x)

ol z;_1L i— 1HA] layer2] output©]il, o= activa-

yAr—1,bx—1}0|t. input 22} observation
K)of thgt loss function L2]

fi=o(Aiixi1+bi—y) i=1,--- | K

layero]| 4] inputo] o $t output 2]




derivativeo] 11, Thgt Al HE. O 71 |ayero]| 4] parametero] o3t output?] derivative©]|th. TSt o] A layero]| A
AAHITH @A layero| A= 8BF A o] 9l FE8E A= Al4tetd Hot (M |4 4412 BE2]9f notation©]
S5 27150 188 Folo}A.

oL AL Ofy
8051  0fx 0051

oL oL Y
00k_o Ofk 00k _»
oL  OL 0f ks
00k 3 Ofk Of k-3
oL oL 0f; s
00;  Ofy 00;
Figure 5.9
Backward pass in a
T @ e o multi-layer neural
network to compute
the gradients of the
loss function.
Ag, by Apby Ag_2.br s Ag_1,br1

HAIZ backprop A ol 919] figures @ol fo(= o), f1,- - . fil= function values B2,
Z} function value Ato]o] A4t(parameterg &8st A4t o] EAot:= AoR AZ5HA}L. o=
backpropagation®] automatic differientiation®] speical case?l - 1 &sIH A WolEd 4 ot =,
intermediate variableo] )3l partial differentiatesl= Z o]t}

2. Automatic Differientiation

Automatic Differientiation(#A% v &2)2 A FH I 2 713-8 53] intermediate variableS-& 714 11 chain
rileS 285 25t gradientS AGHE 7] olck. ol 2t Horol 7|2 At ¢ Haddition/multiplica-
tion)Z} elementary function(sin, cos, exp, log)& 83ttt o2 193 Zo] input x&} output y, 1211
intermediate variable a, b7} 91-& wfj 11 ofgf] =413} Zo] xof tjgt v9] gradientE chain rule2 & 4= Q)th.

d

dy  dydbda

dz  dbdadx
automatic differientiationo] = forward mode@} reverse mode”} 1=, reverse mode+= backpropagatione
Fasttt 21, -+, 45 input variable, z4y1, -+ ,xp_1< intermediate variables, zp& output variable, g; &

elementary function, P,(z;)& grapho||A] z;9] parent nodez +AH Hgo]atal 512} forward propagation
Lt} AT ol AojE T =, BE parent nodeE elementary functiono]] do] 4L Zro|ct.

xp = f2+al 5}, backpropagatione th-2 =A1 3} ZFo] A oJH . & B E child node?] derivativeE
derivative® & 4~ Q).

ok

of of Ox; of 0g;
— Z i _ Z aT;Jaii




A JHEE AR, outputOl| A RE HUBIOZ AIMSI 0 f /0x £ Of2ieL 20| A|&te 4 QUELICH

0f _of0d  ofoe
Oc  0dOdc  0Oe dc
of _ofoe
ob  Oc b
of 0f ob  0Of Oc
da b Oa ‘ Oc da
0f _0f0a
dr  Oa Oz

11.3. Higher-Order Derivatives

11.3.1. Higher-Order Derivatives

= ¥4 xyE 72X function f : R? — Ro] 91-& o, higher order derivativel= th-&a} Zro] Vet
%: xO] ot n-th partial derivative.

38;(5; = 6%(%): x¢]| gt first derivativeo]|A] yof o] F£3t derivative.

xr

Hessian2 = second-order partial derivative®] collection© 2, function f(z,y)of] gt hessian t}-3-2

Zro] Bt dwtd oz f : R® — Rof ot hessian matrix= n x no|t}. hessianE function®] Z+E-&

e

2

o*f
2 _ | ox2 dx 0y
Vxﬁyf(x, y) = 9% f 52
dx0y oy?

'~
Q
I~

~

S

Wk f(z,y)7F T W differentiateo] 7153t functiono]2HH o2 4=4lo] AAHgct. = differentiateo] £=4]
ZQ5Hx] 9kt o]of Wt hessian matrix= symmetrico]t}.

rr

O*f  O*f
0xdy  Oydx

11.3.2. Multivariate Taylor Series

Multivariate Taylor Series™= ¢9]9] multivariate function f& EA YA zo° A polynomial =
A HECR, 2 ofH B Reid go maTT

204 f : RP — R2] nx} Multivariate Taylor Polynormial-2 th-3} Zro] A olgct. ojuff DE(zo)+& zo
of| A o] kz} derivativeo]1l, § = x — xo©]T}.

To(x) =) Dmk(:' 0) g
k=0 ’

smooth function(@&0|1l H|E7F53?Y) f € C, f : R — R tfdf], 2ol A9 taylor series= o33 &
o] AoJ=t}. =, taylor seriest= FSH|7H2] &2 ©Sl= taylor polynomialo]2tal & 4= QIth. ojuf TheF
f(z) = Too(z)2HH fE Analytic(3] ot 2o = 09)| A 9] taylor series~= Maclaurin Series2til &=

.

121k
)
S
L

ol

r
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ojuff §*= §of] 3t outer productE k¥ s+ Aojch

1

®

(a) Given a vector 8 € R*, we obtain the outer product 6% := § @ § = 68 Te
R*** as a matrix.

—H S

(b) An outer product 6% := § ® § ® § € R****4 results in a third-order tensor (“three-
dimensional matrix™), i.e., an array with three indexes.

o Astsln Bare AL TS mAE B,
[e]

ALt A58 mAo] vet Q= olx|el 22 + 22y + 2] Tigt multivariate taylor polynomialg F5H= AR )4}
of oA ATE SHI= 32} 04 9] differentiate”} B @5t 2 F& AJ7Fo] L SE A},

12. Probability and Distributions

ML model™}, 71 modelo] A4t Ao tgt uncertainty(B&-AA)S AZs}st= Aol £235H|, ouf AR &=
Zlo] IA] 9= &4 o] S| randomst Ad o] AE vy 5= 7J¥ <l random variable©]t}. random variable

T} 7 on] = EA Aapr) dby e 3152 =4 6F= function2 probability distributiono]2tal St

"Probablhty theory-2 A& of| A —‘?—E—‘HE A Auts st ok X E Aoster 1 248 U}
o5 Sof, sfte] £48 W o, el AE ST St Gtk bR of 2l W SUE AAL o, HE A
A7 14-01]/\1 regularity & Td-é@} = &Yty o]st &9 4514 JLX & AF8519] automated reasoning(A+5-SHe
FE)S T30k Ao] Jaoln, o]Ztt on|o A g-E-2 logical reasoning(=2]4 F&)& dvraityct.”

il

12.1. Probability and Distributions

12.1.1. Philosophical Issues

Plausible reasoning(7/]d3 F&)-& ddjz]el Zwo] ofygl, plausibility( 18253 2A=2 A28 & &
Sh= Abal B4l ettt ¥HH Logical Reasoning (=323 $8)-2 AMdoly AA S vt o 2 =2 212 4]
g5}o] A ﬁi o EEOF AL EFA]-S St automated reasoning system-2 =S wff, 174 & Q1 boolean logic
% plausible reasoningg EE5}A] &St probability theory+= plausible reasoningZ7}A] Eﬂf‘)}— boolean
logice] dHtslaty Az+sE 4~ a1, MLOI]H% automated reasoning system 2] AAE 93} o]& &gttt

Cox-Jaynes theorem-& plausibility7} =8t #21-& A 2l5t= dlof] AR 4= 9182 H It} o] theoremo]
S5 plausibility’= TH33} e A WEA|F ok gt

1. Degrees of plausibility= A <=(real numbers)2 T HH T}

2. o]3gt £~2]= common sense]| LA 3foF Gtct.
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3. 2 Ait= ot of| A A 3= ‘consistent’2H= ol o] A 7HA] oJn| et A x| SfoF St
(a) Consistency or non-contradiction : th2 & 53 5t Ao =23 4+ & o, 5LUsH
plausibility7} 25 790 tf3f] &hA & ofof gict.

(b) Honesty : o875 BE tlo]E|7} ¥LEA] e]s|ojof Fhet.

(c¢) Reproducibility : = 7}2] Ao 5] 2] 2] 9] A (state of knowledge)7} ZTHH, 1 F 71X
EAof thal] Lt H & 9] plausibility7} &= o]oF gttt
probabilityo]] i A= 2712 S8 FHZ HAlo] et Frequentist(H1 =302 1418 AbA Q] HHAY HIT of 7]
dhef Ayha] o= FASkA, ofd /\Pﬂ Oﬂ EHC’P probability:= 723t Hlo]8]& 7} 1 Q12 wf =tofA] A o]
SAehs AJUd WIER Uehi. Bayesian(H#] 0] Z|¢F) sf4-2 AbA 9] Hk7} ofuet =4 ©E o] S
probability 2 Jet 11, 2-& AFAdo] 2714 wjuich 1 ué%‘_% 2A5le Ao},
probability theory 2GS 2S4S BF 4 Yy HFsky, vl P9 evenee) A A2k
X
[e]

9 Statistic(F Aol A BT A4l 54E oA Foli Aol BEH Ans vpo 2 BT
E4& FA A5t

12.1.2. Probability and Random Variables

1. Probability Space
Probability Spacel= 229 A< 4814 0 2 mulesly] 98t 722, (0,4, P)& F4H}.

o Sample Space(EE F7FH) Q: AF A TP 5= Qe BE T AFE9] A W= 715 glo] o
st AA HLE AoJglttt. sample spacel] RE AiFE0| 71X = probability 2] ¢ o]

+ Fvent Space(Ad B7) A: sample space © o RRIUFES 942 7P gL
sh= A9 ‘:}Oe] diste e B9 A¥E thF7] o9 7] HiZel, sample space®] A3}
proababilityE &4 4= Q= EH/J'?J event(/\}Zﬂ) A5t

o Probabiltiy(8&) P: event spaced]] £&5l= & event A € Aof t5}o] 0 o)A 1 0]519]
G5l function© 2, event Ao] thet probability= P(A)2 ZE7|Sct.

dE 59, FAYE 28| = sample space= Q = {1,2,3,4,5,6}, Z7F U4 Q= event= A = {2,4,6}0]3 1
probablhtyL 10]@ o|& event=2] Agto] event spaceolﬂ-

2. Random Variable

o] real-world phenomenon2 R @3St wof|=, probabilities on quantities of interestQl subsetS L &}ts}
L Target Space 7= 2231t} o]uf target space?] Q4= Stated}t1 3ttt o]= 9]&] sample spacel]
AAE target space?] YA ZE mappingdl= function X : Q — TE AFESH=1], o] functionS Random
Variable(&&%H4>) 0|2t $ttt. random variable2 £7% Probability Distribution(Z&E31)2 uzt
ey

random variable> 71 ZtA| 2 1 H 3HS 7G| BE, £316] ofefoA W 4=
Wt o]of wg}t random variableof gt distributiono] tiSjA & o]op7|& 4 )Tt

oluf EX event S € T thdf] Px(S)= th2 7] random variable Xof tf-& & o] ¥AH5}= sample space
o] E4 A3} 2 H,

Mo 1
—

o

N
lo
o rio,
4 b
2 tu

it 1

i1kt
+
=
filo

Px(S)=P(X cS)=P(X 19)=P{wecQ: X(w)cS})

5l}2] random variableo] tgt B iXE Univariate Distributiono|g} 3}1, & ©]A49] random variable
=of gt B = Multivariate Distributiono|2}1l 3} o]0 state= random variableE = A4 = vector
o|t}t. 7|22 © 2 univariate distribution®} multivariate distribution ZFZto)| Al 2k 2= 242t x9F =2 VERHATE
(I & ReRelqE 2972l RS Sl E8TE AVIE BYE AAT A7A YL T Aeh)
o, T /9 BAE =84 gdHo| o 3145 A o, random variable X = ¢FHo| 40 = 314 E]'
Qlct. O]ﬂ] 7Vsst A= X (hh) =2 X(ht) = 1 X(th) =1,X(tt) = 00]2, T ={0,1,2}0]c}. X =2
@ g PX =2)= Lol
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12.1.3. Discrete Probabilities and Continuous Probabilities

1. Discrete Probabilities

target space 77} discrete@ W], random variable X7} E& ZtF 2 € TS 714 probabilitys XA 4= )
t}. o]t o] X & Discrete Random Variable(o]&g+EH4~)0]2} 5111, P(X = z)& Probability Mass
Function(PMF, &&34%F34), o|uf 9] distributione Discrete Probability Distribution(o]4&E8E
Z)e} gt

2. Continuous Probabilities

target space 77} continuous&t o], 7= real lineo] Ht}. = O] 732 random variable X o] t}j$}t prob-
ability= Pa < X < b)E]- 7"0] F7ro 2 BHSH= Aol X Yt o]rfj 9] XE Continuous Random
Variable(@438-8W4)olgt sta, th29] T+ 71A] 24 E‘l'_‘ 5}= function f : RP — RE Probability
Density Function(PDF, &9 L gh4) o2} shct.

1. Vo € RP : f(x) > 0. =, non-negativeo]t}.
2. T8 WHESE integralo] EATTE Z, RP B2 o] 8] integral(ch4 225 10] Hick.

RDf(x)dm:/o:o---/oo flxy, -+ ,zp)day---dxp =1

o0

rﬁ rk

random variable X o] tjSt probability= th-231} Zto] YJebd 4 Qlth ojuf] EA Zlof tjst probability=
P(X = z) = 00]t}.

b
Pla< X <)) :/ f(z)dx
a
o] 9] distribution-2 Continuous Probability Distribution(¥48-&83L )2} St
TSt multivariate real-valued random variable X = [Xy,--- , Xp|T 9} state x = [x1,--- ,zp]T € RP o] dgt

Cumulative Distribution Function(CDF, FZ B X3 4) = oS3 Zo] A o=t CDF‘,: wEHoR
Bl AHERThT gt

Px(x) =P(Xy <x1,---,Xp < zp)

/ / f(z1,-++ ,zp)dz1---dzp

3. ML A 9] Distrete/Continuous Probabilities

ML &3 A= PMFE distribution, PDFE density, CDFE distributiono|2t1l &gt} T35t oS3 2+
notation2 A&t}
Type “Point probability” “Interval probability”
. P(X =x) ,
Discrete . i Not applicable
Probability mass function
‘ p(z) P(X <z)
Continuous
Probability density function Cumulative distribution function
Cartesian Product(FI7F2E &, BAT)E 5 A% Ao} B4 217 9445 shs Bop w5 4 e BE 75 g

SRS W TR

T A & discrete/continuous distribution2 71 YFAFof| A o7} Qltt.
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Figure 6.3 2.0 20
Examples of
(a) discrete and 15 1.5
(b) continuous —
uniform g 10 % 1.0
distributions. See T
Example 6.3 for
details of the

distributions.

(

1 0 1 2 -1 0 1 2
z T

(a) Discrete distribution (b) Continuous distribution

12.1.4. Joint Probability and Marginal Probability

1. Joint Probability
target space’} discrete® mj], 2| random variableE-9] ]St probability distributiong th2 133} ZHo]
o]t 2= 9t}

C;

ry T2 T3 T4 Tp
X

Joint Probability:= & event/] WS ot &0 th&3} ZHo] ZF random variableo] T3t cartesian

product2 WYEPHATE. o|uf n;;+= state?} z;, y; Q1 evento] 4=, N2 BE event_J Z=o]t}. o] pE= probability

mass function © 2, stateS {ro}A] probability & &2 5}+= function © 2 o|5|& 4= QIt}. o] random variable
o] probability distribution p(x)o] wat EXgitt= Z1& X ~ p(z)2 7|5}

nij

p(ri,y;) = P(X =2,V =y;) = P(X =2, NY =y;) =

=

target space”} continuousgt 73-%-, probability distribution& A< Q1 F7tof| A AojE 22 PMF Al PDF
p(z,y) & A-&3tt. o] & random variablee]] tigt joint probability:= 574 < WA o] thgt o]F AL O =
AL

P(aSXSb,céYSd)=/ /p(x,y)dafdy

2. Marginal Probability

ZF A5 A E random variableo] o]8] 7] AoJ&]o] QJoJ&x, T2 random variableo] #A|glo] EA random
variableo] tj$t probability distribution& ¥7|&F 4= Qlt}. ©]& Marginal Distribution(F¥ £3X)0|

gttt £74 random variable®] ¢J&FE RF tlotALt AEoto] AASHY, W2 variableRhe] =43t proba-
bility distribution& F6l= 3’4—@% Marginalization(%—tﬂi})ﬁ}_ﬂ 5}, o|u] 9] proababilityE Marginal
Probability (¥ &&)2}t1 it

#1e] T3} Z-2 discrete probabiltiy distributaionof| A= ZF column®] 9h-& ¢;2Fal 1S o) P(X = 2;) = &

o2 Xof tfgt marginal distributiong& UEFH 4= QIct. ESH 0] —C,’—OﬂE 3l|d random variableo] tjjgt

probability 2] $+& 10]t}.

continuous probability distribution®]| 4] 2] marginal distribution &A] T4 gl thE random variableo] Tf

o 2129 92 % 9Irf. 9|2 Eol, X of e marginal PDF p(o)i joint PDF p(a,y)8 Y74 72 & 9l
=75 ?}y—J T3t tislf 2&Este] ¥=r
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p(r) = / p(x,y)dy = / p(x)p(ylz)dy = / p(y)p(z|y)dy

o] discrete spaceol|A] Z+ columno|y} rowe] §-& L5tA HAto] continuous spaceo|A] HE o2 HgE
Zloltt. &% marginal PDF p(z) & BE = 9] 3tof tisf A&3t gk 34 1o]th

12.1.5. Conditional Probability and Likelihood

=z0Q W, Y =yl 359 probabilityE Conditional Proabability (XA &-&)zt1l 51 p(y|ze) 2

Bl >

14 S A A5 p(y|a) L likelihood B % o]8)8F 2= 9]t} Likelihood(LE)E p(y|z)ell thal y7} oln] B2
oA, y& TIANZHZ 27t dut Bl et (plausible) & WetW= gkelth =, p(ylr) 371+= likelihood

11, o= yoll thell «7F SAA 2 dupt #Rlo] QA& UEhdTh p(y|r)= likelihood of z (given y)
I = probability of y (given z) 2 HE 7|5t} likelihood+= probability @} 5L ¢F 4] p(y|z) & 7|WH O 2 ShA| T,
probability:= z7} &ejzl AeiellA] y7t 52 7Heds FOIRRE WA= Tt B2 MLejA = y7t
st HlolH, 27} 7t ofl s =™, likelihoodE Xt & St 25 2= 2& F2 2= Jih.

o}.

oJ™ probabilityo]] thet 4=2419] RE glof conditionalS 37} Conditionalization)d 4= lct. 4
bayes’ theoremell = -3} o] 2 7Hs5tet.

O i, A
o
o &+

conditional probability@} likelihood= continous probability distributiono]| A= A

rO](

i
il

017

p(X,Z10)

p(Z | X,0) = P(X 1)

12.2. Bayes’ Theorem

12.2.1. Sum/Product Rule

probability distribution©] As|A|HA, F 7}&] 7|E Al F22l sum/product ruleTro] ZAYs}al, o] rule
AFE-3] joint distribution-2 marginal distribution®} AAg 4= Q)
1. Sum Rule

Sum Rule& tt23} Ztt}. o|uf] Y= random variable Y 9] target space®]|th. =, 0] 412 random variable Y
9] state Y2 BF ¢sl= Aot =, o]= marginalization©]t}.

Z p(x,y) (if y is decrete)

plx) =V
/ p(z,y)dy (if y is continuous)
yeY
olo wrg} oJ@ multivariate distribution®] gt = [x1,--- ,xp|T o] It marginalS th-&x} Zro] AAtg 4=

Atk =, z;0 sFotE A-S ALt BE random variableo]| tha] sum ruleg -835l= Ao|tt.

p() = / p(ar, - zp)dy;

2. Product Rule

Product Rule® &3} 2t 2, r,y7} A0 Qo]et probabilitys 27} QolLbdA] a7} Aolete wf y
71 dojd probabilityo|th. o]} Z+o] joint distribution-g marginal distribution¥} conditional distribution
o Fow aspaE 4+ gk

p(x,y) = p(ylr)p(z)
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12.2.2. Bayes’ Theorem

Bayesian Statistics(H] 0] A ¢t A= A= HlolE & Sl 712 W (probability)& o] Est <
AAtets EAA v o]t Bayes’ Theorem(H]0]2 #A&])E random variable 2} 71 AR %] 4]
( )7} Aot S o, yE TE3E o] F xof] et probability & Al4teh= W2 Aottt I 4412 thg Y

211, o] product ruled]| A 5= % At
likelihood prior

—~

s(aly) — PWDPE)
p(y)
~—

evidence

posterior

o Prior(AHd &)= o2 TEE R 9k random variable zo]| tjgh 32 Q1 AFA x]A]o|t}.
+ Likelihood ($2)= F0140 @ 84 y7h AT probabilty2, 25} 7t Aot Bte] A
o]t 2= 9ir}.
o Posterior(A}% &&)E y& TESE o]Zof zof| oSt probability 2, bayesian statisticsol|A] quantity
of interesto|t}. y W™= 0] 2 9] 9] probability distributiong 2]n|gtct.

« Evidence = Marginal Likelihood:= likelihoodE prioro] t3] 7} B35t 7|Higte 2, y7F &
A % 9= 77 probability S OJu|ge}. o] o2t Zo] AL} o] Eme A normalization S
el AeRE ofsfe 4 9)

ply) = / p(yle)p()dz = Ex [p(y|z)

A5}, posterior= prior?} likelihood 9] &0 H]H|5}H, ©]& marginal likelihood= W A A probability
dlstrlbutlon_J glo] 10] EXEE normalizationgt A0 2 o]|a|& 4~ Ut 54 Z}A|+= product ruleo] 2]
Aesict.

bayes’ theorem-2 71 =21 A 2} y Ato]o] TAE HHS & UL = 517] &9 Probabilisic Inversegt 11 &
Be

o]uff likelihood p(x|6)+= x| Tt probability distributiono]Z], §of thgt probability distribution®] oF4t}t.
o]+= o] Ttk probability7} oty e}, 07} v & Ant & A sh=2& Uettl= 2ot 0o s AEoix
10] 5]7] gkt

MLOJ|A] bayes’s theorem-2 ©|o]E X7} WZL]92 W parameter 2] probability distributiongd E&3}=
£ A9t =, 023 2t likelihoods} prior®] F2 oW parameter’t AT 1 PZgko] £5
probability©] 1, o]= p(X|0)p(f) = p(X,0)2 NF Zro] 02+ X 9 joint probabilityQ] Z O 2% o] 4
Aot E3 evidences= S #tE2] F3o] 10] H X5 517] 93t regularizationS 428 SHtt. posterior= A A
t|o]g X o} tZ 5] likelihood Z3}E Hlero 2 %2 7] 9] priorE £=6t4 0 2 H A 5}o] A=A A5 parameter
69] proabability distributiono|t}. &, posterior= =5 do]HE 15t MZ-& distributlon‘iﬂ Z1o]|t}.

rl

4

p(X|0)p(0)
p(X)

"posterior+= decision-making system W oJ| 4] A= 4= 9] 11, full posterior& ZH= AL o] ¢ -§-86} 17 disturbances
of Axst AAS YE 4 AH5UTh oE Eo], el 7|Hre] 75}sk5of A plausible transition functions®] full
posterior& *}30}@] O}Zr whE ok5o] 7Ha R, posterioro] X Tgkol| & 9w dytE AnjE oyt
w2t A], full posteriors 2= Z-& downstream tasko]|A] - G-&3ct.”

p(01X) =

12.3. Summary Statistics and Independence

random variableQ] AgrS QoF5}11, random variable 242 H]JJ_O]-—— HMH-S Fol R b mean¥} (co)variance:
gF5 Exo EA (expected value and spread)& HA}S ]—~tﬂ 235}c}.
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12.3.1. Expected Value

1. Expected Value

Expected Value(7]|HZ)-2 E7 probability distribution2 W2+ random variable X7} 7} 4 Ql&=
= 74sst gl s, zt %ko] X 5 probability & 7Fg 2| 2 HteJoto] 4H&37t o] 24 Q1 FAlgtelth. o=
population mean(_'ix“q'—’] H3t) MQ]' —1—01'7‘4 5 7 5 US|t} univariate random variable X ~ p(z)2] function
g : R — Rof gt expected value= T3} 7o) 144%1’4-. 0]+ random variable X& w& o, gt g(z) 52
HRAGE AL ojuatt.

g(x)p(x)dx if X is a continuous random variable

S

Ex[g(z)] =
Z g(x)p(x)  if X is a discrete random variable
reX

o]uff random variable X of thgt expected valuet= g(z) =z wf AojHt}. &, a3} &t}

/ azp(z)dz if X is a continuous random variable
X

E[X] =
Z zp(z)  if X is a discrete random variable
zeX
multivariate random variable X = [X1,--- , Xp]T 9] function g : RP — RPoj| Eﬂﬂ expected value= TF2-Y

7?0] AolE|1, ZF 94 X;of st 74]*} 1"?3?_— univariate@} TA3lch =, ZF @ 4] 5l expected Value
= AArstA %E’r ESt ofF oA A Sl= AA Y expected valuetr linearityE 7FA 22, vectort matrixof|
tiet expected value A4H2 718 8/\01] et Ateh= Ao s A4S 4 Ut

Ex, lg(z1)]
Ex[g(@)] = : € R”
Ex,l9(zp)]
expected value= linear operatoro]th. =, scalar a,b,c € R, vector x € RPQ} f(x) = ag(x) + bh(z) + ¢

of tis ool At} o= A2 H7s) Bd % 5}3} oluf random variable©] vectore]l a5t
random variable©| o} vectortt matrixT scalarz] 2 &=},

Ex[f(2)] = aEx[g(z)] + bEx [h(z)] + ¢

2. Median/Mode

Median(F%a) 2 57l = 2Eo 2| discrete probability distributiono| A= gho] A@ o] Q1S off 57t
of 9= ZHe 9|t continous probability distributiono]| A= CDF7} 0.5¢1 Zke 2 A ol= ). vt o] A
1B long tail distribution®] 7% median< meanH th ¢ Z o] 7171E ZHE VeRHTH medianS univariate
random variableo] thsfjA e A o] Fc}.

Mode(F|H13h)2 714 215 54 6h= 32 @5l discrete probability distributiono] A= 71 wo] YRt
Zko] a1, continous probability dlbtributionoﬂk]% PDF7} peak?l 2] Ho|t}.

AF8-5}= random variableo] HE5HHA o] Ax}e] X 52 Aj2kslr| T o).

12.3.2. Covariance

1. Covariance

= random variable®]] tf$t Convariance(F84H) = & random variableo] dupiy o]E 212 & YEFH,
7} deviation(H2}) 9] H-& H W ZHS ZH=t}. univariate random variable X, Yol T $F convariancet th-2-37}
71'0] A ol= T TSt AAFE AJEFSHL expect value?] linearity S 1125HH 121 Aest 4 9)
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Covxy[r,y] = Exy[(z — Ex[z])(y — Ey[y])]
Cov[z,y] = E[zy] — E[z]E[y]

state z € R™, y € R™ multivariate random variable X, Y o] th3t convariancerx= th-21} Zo] Ao Ht}.

o
olwj 9] m x n matrix:= Cross-Covariance Matrix(m2} Z24 PF)2t7 it

Covxy(z,y] = Exy[(z — Ex[z])(y — Ey[y])"]
Cov[z,y] = Elzy"] — E[z]E[y]"

]
Covl[z1,11] Cov]zy, ys] Cov[z1, yn]
B Covlze,1y1] Cov]za,ys] Cov[za, yn]
Covlzm, 1] Covzm,y2] ... Cov]zm,yn]

2. Variance

3}t random variableo]| T3t covariance= Variance(&4h)2t1l 514, V(z]2 ZE 7|3t} varianceo] Al JL-&
Standard Deviation(EZFH2}) 0|2t 519, o(z)2 F 7|3t

univariate random variable X of TSt variancex= th-21} ZHo] AHArSH 4~ Qith. o] Raw-Score Formula
for Variance@}til Ghct.

)
>
%9,
)

state z € RPE 7}2]&= multivariate random variable X o] t3} variance= t-&3} Zro] At

Vx[z] = Cov]z, z] = E[(z — E(z))(z — E(z))7]
= E[zzT] — E[z]E[z7]

Covl[zi,21] Cov[xy,za] ... Covlzy,xp]
Cov[xg, x1]  Covl[ze,z3] ... Cov]zra,xp]
COV[,’ED71'1] Cov[zp,xs] ... Cov]zp,zp]

o]uf 9] variancer= 7' dimension 7}+9] WAE YERHH, oJwfe] D x D matrixg Covariance Matrix (3
BAF PF) 2t gt covariance matrix®E symmetric, positive semi-definite©] ™, spread& LEHHTE o] uf
U7t ARL 7 A% o Hlo|elrt duht WA S ESFEAS Ueh T, dl|7 H RS F variable 7H]

Al sl Holert ofd o m £ =AE vebdth S tiZ 2 9] 52 X ¢ 7} dimension
o] et marginal distribution Z}Z}e] variance©|t}.

3. Correlation

A= thE random variable 9] covarianceE H| W o, Z} random variable ZFA| 9] varianceZ} covariance
roll A2 mAck. o]o] ufa} b 543 Zo] covarianceS HF3}et 21 Correlation(FTAS) ol2tT
Sttt correlation 5 distribution 7He] A3d 2] IHA o] A /RS S 24 OH:]—

Cov[z,y]

€[-1,1]
Viz]Viy]

corr[z, y] =
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covariance matrixof| 4] Z} A& standard deviation© 2 U+ matrixE Correlation Matrixz}1l Stct. =,
0] = random variable ﬁoﬂ 3t covariance matrix©|t}.

= ¥4 749] correlationo] %4o]H Positive Correlation, &40 Negative Correlationo] ¢lthil
2t 00| correlationo] ithal e,

4. Inner Product$}2] 4|
random variable-2 vector space®]|A] vector® FH&= 4 ATt ©] spaceo]| A covarianceE inner product®
A oJgk 4= Qlt}. =, covariance:= linear, symmetric, positive definite©]t}.

(X,Y) = Covlz,y]

23t ZHE norme Ao 4= QI =1, o]of @} random variableQ] standard deviation”} norm?l ZA-&

1XIl = v/Covlz,z] = /V][z] = o[z]

o] spaceo]| 4] T vectorQl random variable AF0]9] angle2 th21} ZHo] AArer 4= @t &, correlation&
715}8FA © 2 & random variable 7F2] angle2 AJZHel 4= Qlt}. T random variable®] correlation®] 0o]2}H
X2 orthogonald}tt.

g XY)  Colny)
XY V[2]V[y]
4“‘\9\
@s@

)(g\'} ” a |\/var[x]
Sy
b

H QoFH | A= better intuitionS ¢35} covariance matrixE positive definiteo]2tal 7} gt}

O Al A @2 BAZE 7detA] eFebA]of whE correlationg &1 4= Q).

e Figure 6.5
6 * L 6 Two-dimensional
\ [ ¥ L , datasets with

. o identical means and

- 5 - - variances along
B , each axis (colored
0 A =-. 0 o lines) but with
. different
-2 b -2 . covariances.
- 0 -5 0

(a) z and y are negatively correlated. (b) = and y are positively correlated.
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12.3.3. Mean & Covariance of Joint Distribution

joint distribution p(z,y)ol] e meani}t covariance= th23} Zo| z,y5 $
Airs A=t
o
z =
Yy

meanY} covariance— TF=21F & AEITE zz1= covariance matrix®|il, ¥+ cross-covariance ma-
7} covariancels &} o] AALFIT. o] 5,4 covari trixo] 1, 5,k i

trixo]ch.

)
o

2 AA435E vectore] T3]

12.3.4. Population vs. Empirical

7(] E7HA] A3 E expected value:= Population Mean (R%a)o|2t1l & 5137, covariance= Population Covari
FEAN I T ket SER R A A glo] Al B TEZHES AFES= -9, o™ Population Statistics( R

E74]) Al Empirical Statistics(7d @4 5A4))& A-g-slloF & 4 Ut} o] wf 2] mean/covariacne’s Empirical (£

+ Sample) Mean/Covariacne@}il gty

expected value = population mean2 random variableo] 7}X|= 0|22 Q] =A1ZkQ] HIH, sample mean

- 1

2 A B2 dlolE 0] Aekol e FHCI V3L $AkE Biko] 7] n o] 2ie] AU,

W= sample meane S random variable©] 7}Z] &= o] 22 expected value E[X] o] &&& 07 +H3H|
e}, 2, expected valuels F85) B B2 +HE 1 sample meano] 2P B 451 GAT ol

.

€ RP i=1,---,N¢l multivariate #=Zf =] th§t empirical mean p} empirical covariance matrix 3
the 3} 7o @._ 2> 9Jt}. empircial covariance matrix T3t symmetric, positive definited}ct.

frs

1 X 1 X
- _ T
p= n§:1xn, X= n§:1(ffn — )(zn — )

ASH| = univariate TEZEEC] et variancer= th3at 2ol -

st
4>

At
Vx[z] = Ex[(z — p)’] = Ex[2?] - (Ex][2])?

o231} Zro] AA| HEZHE0 oSt pairwise differenceE A 4] variance( 25| & varianceo] 25 &3¢t

=

N
2 )]

=1

Z\H

1 & 1
7 D (@i xp)? =20 Y ad — (
=1

1,j=1

ance (2

12.3.5. Statistical Independence

1. Statistical Independence
utoF o2 Alo] ARG £ random variable X, Y= Statistically Independentd}thil gttt o)== 49]
glol ol ofgk F7h Ee} Belo] gl A9 jujari(tle] A& 47).

p(z,y) = p(z)p(y)
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7O} X, Y7} independentahehdl, chgo] AT, o % 919] /b4 o watk HRRE. ool 27 o]
/‘“‘40}7\] oy, o] = AL correlat10n0] 922 JeErE= Ao R, independentc‘ﬂ-“ﬂ correlation©]| g1 X9k
corelationo] It AT independentdt AL ofl 7] wfjRolt}. A& Eo], z8} 22 correlationo] $LA|T,

X2 dependentd}r}.

p(zly) = p(z)

p(ylz) = ply)

o Viz +y] =Vz]+ V[y]

o Cov[z,y] =0

2. Conditional Independence

ok t}-e Ao AYSHHH & random variable X, Y= Conditionally Independentd}thil 0]-_1_ X 1Y]
72 ®7|SHt p(x,y| = z7]— =L o z,y7F Ao B=H probabilityE 2]1|gtct. =, conditional
independence= 25 &1 QO™ 22} y9o distributionO] —‘-_—OHEJ olu|sttt. o] product rule2 -85
BT 4= 2t} statistically independent3AA Z7A9o] E0]Z tr Wi 4 Y= Ao = ol e 4
At

p(x,y|z) = p(z]2)p(y|2)
p(z,ylz) = p(zly, 2)p(y|2)

Aol Ale Aelshd thadt o =, 2o tiet AEE <Al e ), yoll tiet ARE A Holk xo] HH7}

p(x|z) = p(zly, 2)

UM AF , p(z,y) = p(z|y)p(y)et B2 probability equation(&-& F54]) oA = e Foll 53t
27 2 55 F7HIE A - p(x,ylz) = p(xly, 2)p(ylz)7F product rules A-83t Aip= HE g
ZA 25 FII5 A o7 ol5d 4= Qltt.

3. L.I.D.

I.I.D.(Independent and Identically Distributed) random variable®] Zg}to] independents}yl, &
random variableE©°] T3St distributiong 7}A]= ALXE WSttt o] 492 ¢ random variableso] gt
joint distribution-2 7' random variable2] dlstrlbutlon_,] & To] FHoh

P(X1,Xo,...,X,) = HP(Xi)

12.4. Gaussian Distribution

gaussian distribution& continuous-valued random variableso]] Tl 7} A7 2 Eo] 9)= distributiono|t}.
TSt inferenceo] € QS o8] IS EAES 71411 Jth(sum, product, transformation).

12.4.1. Gaussian Distribution

1. Gaussian Distribution

Gaussian Distribution(7}$-A]¢F BX) T= Normal Distribution(#H53E)-2 continuous probability
distribution®] shLfo]t}. gaussian distribution meany} varianceRr 0.2 Fej7} 4AH5] 2AH Y, 42 =
Aoz 37} &5 ¢l PDFE 7FAth gaussian distribution®] PDFE Gaussian Density2t11 %=
.

univariate random variable®] -9, gaussian distribution®] PDF= th-&3} Zro] HolH ). y= mean, o=
variance©]C}.
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p(x)\/;?em< 52 2)

PDF7} t}-&3} ZHo] A o=t 4
X ~ N(u¥)o2 Ergt g

+ mean vector, ¥+ covariance
0517] oA |E|= determinantE

multivariate random variable®] 7-%-of=
matrixo|t}. p(z) = N(z|p,X) E=
i

1

p(x) = COEEbRE exp (;(m — )=z - H))

mean®] 00] 11 standard deviation©]| 121 gaussian distribution2 Standrad Normal Distribution(E&%
FEE)ole} et

2. Joint/Conditional /Marginal

gaussian distribution2 7}A|+= multivariate random variableo]| 4] &= conditional /marginal distribution< %

oJst 4 911, & t} oA 3] gaussian distributiono]t}. th-&3} ZHo] random variable z, yo] T2t joint distri-
butlon?l p(z,y)7} gaussian distributiong w2}l S}A}.

o =[] [B= B

p(zly), p(y|r) EFF gaussian distributiono|th. Z, p(x)= thea} Zo] xof s

p(x) = /p(m,y)dy = N(z|p,, Xoa)
ES p(zly)= o Aot
—1
Haoly = Bo + By Xy, (Y — 1y
Saly = Baw — B0y T8,
22 univariate/bivariate gaussian distribution®] of|A]o]c}.
Figure 6.8 R
Gaussian , pz) * e x \‘I[‘.m
distributions v * Mean o e 5° ®  Sample
overlaid with 100 0.15 Sample 1 * . § * '“.'
samples. (a) One- 2 R LT

dimensional case; 0.10
(b) two-dimensional
case.

0.05

0.00 oo e amemse ®

5.0 2.5 0.0 2.5 5.0 75 -1 0 1
T 1

(a) Univariate (one-dimensional) Gaussian;
The red cross shows the mean and the red
line shows the extent of the variance.
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(b) Multivariate (two-dimensional) Gaus-
sian, viewed from top. The red cross shows
the mean and the colored lines show the con-
tour lines of the density.



8
4
g 2 \\\ \‘\\
0] zp=-1 \
5 3 Z%
\¥J
—4
1 0 i
T

(a) Bivariate Gaussian.

play) 12 plafrs = —1)
0.6 x  Mean 1.0 x Mean
20 20
0.8
0.4
0.6
04
0.2
0.2
0.0 0.0
=156 -10 -0& 0.0 0.5 1.0 1.5 -15 -10 -05 0.0 0.5 1.0 1.5
T, )
(b) Marginal distribution. (c) Conditional distribution.

9] 293} & bivariate gaussian distributiono] tjsf] tF2x} Zo] AArg 4= 9t

%1 32 Figure 6.90| X HE3}= bivariate Gaussian distribution0f| CHsH AT &2 &LICt

. llf ?D (6.69)

(-1-2)=06 (6.70)

(=1 =04 (6.71)
p(z1|zs = —1) = N(0.6,0.1) (6.72)

0|9} =X O 2 marginal distribution p(z;) 2 (6.68)2 H&3t0| Y2 £ UEH|, 2RHOZ &5 ¥ ) O Wit 242 ALRSHZRALICH
p(x) = J\(((J.(J.QS) (6.73)

12.4.2. Product & Sum of Gaussian Densities

1. Product of Gaussian Densities
T gaussian densityo] )3t product+= tF23} ZFHO W, o] 3| gaussian distribution©]t}. o]+= & gaussian
distribution®]| St bayes’ theorem 5o 4] A= 4= Tt

N(z|a, A)N (z|b, B) = cN(z|c, C)
ojwf C¢ ¢, c= tha} 2.

C _ (A71 +B71)71
c=C(A'a+ B 'b)

c=(27)"7|A+ B| Zexp (—;(a ~b)"(A+B) ' (a— b))

a, b= random variableo] o} X|4l, c= gaussian distribution?] Jejo|B 2 HoJA} th&3} Zo|

ok,

=t
N
ok
4>
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c¢=N(alb,A+ B) = N(bla,A+ B)

2. Mixture Density

S 22 F density @] mixtureE A ZF5HAL. pr (7))@} po(r)= A2 T2 mean/varianceE 7}A|+= univariate
gaussian dlstrlbutlono]E]-(multlvarlatecﬁl A E 225 227¢ AR v FUgH HAlo g Hosk 4= 9]
t}h). ol a+= 0 < a < 1¢] scalar2, mixture weighto]t}.

p(z) = api(x) + (1 — a)pa(z)

mean} variancet= TF-3} 7t

E[z] = apr + (1 — a)uz
V[z] = [aof + (1 = a)o3] + (lapi + (1 — a)p3] — lap + (1 — a)pz]?)

E[z] = /OO axp(x)dx

— 00

= /OO (axpi(z) + (1 — a)zpz(x))dx

_ / e 1) [ st

=ap + (1 —a)us

Efe?] = / ” p(e)de

— 00

= /jo (az?py(z) + (1 — a)z?pe(x))dx
= a/oo 2?py(z)dz + (1 — ) /00 22po(x)dx

— 00 — 00

=a(ui +o1)+ (1 —a)(us +03)

=a(pi +o1)+ (1 —a)(us +03) — (ap + (1 — a)us)?

= [aof + (1 = a)o3] + ([opd + (1 = a)u3] — [op + (1 = a)p]?)

"Mixture density oA ZF AXHEE= ZHAE B (conditional distributions) 2 & 4 )54t} mixture density
o varisene 212 0 $4F 399 @ Aol ol law oftotal variane el QU o Adow
= Jhe] 58 WA X,V of thel theut 2 BAE MEGUL Vxlr] = Ev[Vxlr | o]] - Vy Exlr | v 5, X

9] (total) Variance = expected conditional variance + variance of a conditional mean ¢JUt}."

12.4.3. Sums of Random Variables

1. Sums of Random Variables
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= random variable X, Y7} ZtZ} state z,y € RPE 7}4 o, th-&o] AH3I}. o= expected value?] linearity
2 g9s) 20s & onjr

Elz +y] = E[z] + E[y]
Elz —y] = E[z] - E[y]
Viz + y] = V[z] + V[y] + Cov[z, y] + Cov|y, x|
V[z — y] = V[z] + V[y] — Cov|z,y] — Cov|y, ]|

I3t scalarg O 5k 212 random variable 9] distribution& A F 0 B 2 V]z+4a] = V[z]2} Zo] variance
of| A scalar= A AT 4 9

2. Sum of Gaussian Random Variables
gaussian random variable X, Y 7} independent2tH x + y E$F T3} S gaussian distributione w2t}
0]& sums of random variable =412 AFES)| £ S 4= it

px+y) =N, + 1y, Tp +3y)
plax +by) = N(ap, + by, a*S, + b*%,)

density®]] it sum p(x) + p(y)2} random variabled]] gt sum p(x + y)= FE5HA}.

12.4.4. Affine Transformation® 29] &

1. Affine Transformation® 2 9] &
random variable X7} z € RPE 7}4 o}, affine transformation v = Az + b2 252} y E3F random
variableo] T 11, zof t§t exepected valueE p, covariance matrixs L2t 312 ], expected value?} variance

€ ta3 2ol dlEn. ol A4 AL s ARls) 2 g st

Ely] = AE[z] + b= Ap+b
= V[Az] = AV[Az]AT = Ax AT

E5t 2, y9] covariance= T3} Tt

Covlz,y] = Elz(Az + b)T] — E[z]E[Az + b]T = 2AT

2. Gaussian Distribution®] 7%

THoF X 7} gaussian distribution2 THETHA, affine transformation2 Z-83%t y = Az + b= gaussian distribu-
tiong THETh =, y ~ N(Ap + b, ATAT)olth. BE ol b =091 y = Azof| tisiA= Ak, olu) b7}
HH o] & variancew Y5} pdt o] 55l= A2 & 4 ot

y = Axo] oSt reverse transformationt. 71SF 4= It} A7} invertibleo|2HH Q] £Alof A9} Zo] x = A~
9] distribution-g& o= A2 A2V 4= 1, A7} non-invertibleo]2tH pseudo inverseo]| A2} Zro ] =
(AT A)-1ATyQl 10 2 distributionS 7 % 9.

@

FE o A 9] random sampling2 & o] E45F BxE viz samphngo]—7] o8| &2 2, uniform distributioni}

=
42 92 4 gk dt

=
‘8 ARt RS ARG S H2 F, transformationg F9l Y= 2O A
"Multivariate normal A (u,X) 2HE MES I7] ¢4, 7FAeH pl-g W Z~9] linear transformation 441
o]- g8t 4= QlHUth TeF o ~ N (0, 1) 2HH y = Az + p (where AAT = o= %% | p ol ZEA FHo] X ol

ZFe Ao Bxellth A & Adst= oF 7Hx] Helsh e TEAE ¥ = AA ] Cholesky decomposition
2 AHg5= A YY) Cholesky decomposition o A4+= A 7} triangular 0] 7] 2o A ZHoA a&H gt

(0]




12.5. Conjugacy and the Exponential Family

ML2] 2tof| A probability distribution 222 & wjj, closure property (94 &

Stal, 57} glo| ¥ F7teo] whE parameter =7 o] EASEA] ¢Fal, parametere] thgk =4 o] Hefgk Zlo] Frt. 1d
OJu]of| A exponential family 2] §-8-2 A H 2}, statistics, ML A AFRE]= T FEE 9] distribution©| exponential
familyof] ZgF= T},

12.5.1. Conjugacy

posteriorZ} prior@} form/type©] ZTHH, ©] priorE likelihood functiono] tgt Conjugate(Zd])2tal stct.
0] prior 2} posterior 7} 5 UGt X =Z(Family of distributions)o]| £:3}9, prior 7} likelihood &} tj4=2 0 2
SHENE 54] P2E F401] parameter 13 ARl EHTHE A€ OJulgict.

bayes’s theoremo] 2]5}H posterior< prior?} likelihood2] o H|#| sttt SFA|TE posteriorE 42 0
Al4tste A evidences F517] 916 25 F3tel ol HE-& sfiof shi=tl| o]i= Alito] oj=9H, HlolE =
Aol s Aol et A4S 74| AL Q1A g2 4+ e B = priorE AA5t= A JA| 72 EA
SR exponential family @] 739 conjugate priors AFME-SHH, 45t A8 A8 A XA 911 parametero]
ogh B S-S She ATOR posterior® EE % 9lck

Likelihood Conjugate prior Posterior

Bernoulli Beta Beta

Binomial Beta Beta

Gaussian Gaussian/inverse Gamma Gaussian/inverse Gamma
Gaussian Gaussian/inverse Wishart ~ Gaussian/inverse Wishart
Multinomial Dirichlet Dirichlet

12.5.2. Bernoulli/Binomial /Beta Distribution

1. Bernoulli Distribution

Bernoulli Distribution(H|2%0] BXx)2 » € {0,1}9] stateE 7} single binary random variable X
of tigt Exoltt. 20| B Ber(u)e= X = 1 & probabilitys ZE@5H= single continuous parameter
€ [0, 1]of] ol Alof= 1, thZ 3 Zro] A ot

p(zlp) = p*(1—p)' =", ze{0,1}
Elz] = p
Viz] = p(1 - p)
2. Binomial Distribution

Binomial Distribution(°]q E3)2 bernoulli distribution® 2 58 F&3F N7/ ME 5 X = m
H 9FAISE probability & AW ol=d| A= 4= 111, binomial distribution Bin(N, p)+= th3-1F Zo] A o] Ht.

plonl.) = ()=
E[m] = Np
Vim] = Npu(1 - 1)

3. Beta Distribution

Beta Distribution(H#]E} £3X) 2 continual random variable p € [0, 1] of thgt E3E 2 A X binary event(ex.
bernoulli distribution®] parameter)?] probabilityE YEtd w] 2 ARt} beta distribution Beta(a, 3)
= T parameter o > 0, 8 > 00f] &Jsf A|oj&]| 11, o]= thxa} Zo] ot

F(a + ﬁ) a—1

ppla, B) = Wﬂ (1—p)f=t
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pary SN Rl pooray Y pory gy

Elu] =

oluf, T'(-) & Gamma Function® &, tt2-3} Zro] A oJHt}. o] beta distributionS normalizationgtct.

(o)
I'(t) ::/ o' lexp(—z)dr, t>0
0

L(t+1)=1tI'(t)

bernoulli/binomial distribution ] T3t conjugate priors 4rmjH =}

Example 6.11 (Beta-Binormal Conjugacy)

otefjet 2ro| Ho| £l binormal random variable z ~ Bin(V, ) £ D2sHEAICH(NY SHS HES 0f, AHO| xH LIS 2 E).
r Ny N-z . )
p(z|N,p) = pt(l—p)t* x=0,1,...,N (6.102)

O7|M p = SOl LES SEYLICE

2|3, oh2to|E g of CH3t Beta prior, &, u ~ Beta(a, 3) S Ct22t 20| HefgtL|Ct

Ofxf| ofd 23tz = h, =, SHES N HHES mf htd PHO| LIQ= HAHE 2HESHH, 1 Of T ALE 2Z (posterior distribution) S CHE ot 20| AlMe = &

Lic.

p(plz = h,N,a, ) X])( 2| N, p)p(ple, B) (6.104a)
oc pt(1 — p)Nhpe (1 — )Pt (6.104b)
_ prel(q — )R-l (6.104c)
x Beta(h + a, N — h+ f) (6.104d)

&, Al 2 X (posterior distribution)= prioret 22 Beta distribution ILIC}. [}2tA, Beta priore Binomial likelihood function®| It2t0|E] 1 Off CHE

conjugate L|Ct.

Example 6.12 (Beta-Bernoulli Conjugacy)

z € {0,1} 7t m2tolE 6 € [0, 1] O H240| XS WECtD FPHSIASLICE X, p(z = 1|0) = 6 YLICE Ol= LSt 20| BHE = QUGLICE
p(z|0) = 67(1—6)'

O[M| 6 7t L2t0|E o, B & Zi= HIEF 22 S WECHD JPFRiLICH &, Ch3at Z&LICh

HIEH 2 X H|270] 2EE S5, L0l A8 ¥ S + AFLICH

p(0|z, a, B) = p(z|0)p(6|c, B) (6.105a)
o 6%(1 — )11 — g)P1 (6.105b)
= =i — G (6.105¢)
x p(fla+z,8+ (1 —z)) (6.105d)

<l AloflA OFX|e AlS TBta|E| (o + , B + (1 — x)) 2 2= HIEH 2 Eats 22 HOELIC

12.5.3. Sufficient Statistics

o]® random variable®] Statistic(ZA )2 mean, variance 5 |G sample Zsto] dist deterministic
functiono]t}t. Sufficient Statlstlc(—g—.-%—lﬂ%) ° 01 ™ distributiono]| Al ¥& 4 Y= BE AR 7S A
B S statisticolth. 2, population(R AT o] the) 2ot Bast RE Hag ARES Teoh,
distribution2 FEHASH= f|of] ZE 3t statistico]t}.

Fisher-Neyman Factorization Theorem©]|4+=, random variable X7} PDF p(z|0)& 7} ttal 71 RS off,
o2 o] 2HdE 4= QI statistic ¢(x)= 901] i3l Sufficientstttal gtct. ouff h(z)= 6of independent
3t distribution®] 11, go+= sufficient statistics ¢(x)E F3f 0] o]EZQ RE FHE EIJtct

p(]0) = h(z)ge(d(x))
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R 024l (7155 RS ERFTHE AL 0] 0o gt 22] probability7} o] ojE5)7] i Buw
H(2)THS BAHA 0o O] ZFH= BR 02 Hajd 4 Qrks Ag Witk , 0o GEHel BE R ¢(x)7t
7443 Q= Aolth.

A 979 o] (1) Ee A (0)9] AR 7HA= F-H A Q] Sample X = (X3, X5, ..., X,) o] Parameter
6 E w2 Bernoulli distributionof|A] FEE Aty 7FH S o, Joint PMF P(X|0) =[], 6% (1 — 0)' =% =
021':1‘“(1 — 9)”721':1“ = Fisher-Neyman Factorization Theoremo] w2t 6 o S &<l gt h(X) = 1 I}
Statistic ¢(X) = Y1 | #; 2 HYH go(d(X)) = 02X (1 —0)"¢(X) 2 E5)| P(X|0) = h(X)ge(p(X)) 2 B=
4 Utk ol JiE dlolE ] TS Aot T2 EHash Al AR wiAlct o7 F AF 34 sidshe
Y, 2 MO E Parameter 0 & HSHE o BAG BE NS S BEW - ULE G AHOF FYeHE
) B O S Bernoulh distribution®] Parameter 6 o] gt Sufficient Stat1stlc Ayt

12.5.4. Exponential Family

1. Exponential Family

Exponential Family(Z]4%)< paraemter § € RP o] 9]d]| & 2]%]= probability distribution®] family©]
t}. o]%= Fisher-Neyman theorem-& exponential |2 UJeEPH Ao 2 o|ge 4= ot o 42]9] inner
product® AFg 7155, o} 7)o A= dot product® 7}ASH}. A(f)E log-partition functiono]gtil 5}H,
normalization constant2, B3 9] glo] 10] E|E & gttt ¢(x)+ sufficient statistico]tt.

p([0) = h(z) exp((0, d(x)) — A(0))
= h(z) exp(0” p(x )

=
|
N
~
<
=

THoF exponential familyo] Z3l= o]® distributiono] &S W, exponential®] Fej= AP of, 29t
EAe= F2 h(x), 0% EAct= T2 A0), 22t 07F o] e T 07 o(x) 2 AET 5 Qlrt 07 ¢(z)ol
G HIE 2 dot product®] BE|E Belshel 09} 6(2)2 Al 5 oI,

exponential familyo]] ot ZTzQl /JF-& th&a}t o] Th&SlaA Hrol=d 4= 9}, o]uf] = Natural
Parameters@til 5}, o] 7| o= -’F@ Sl = v/ 45 EGHA| It} natural parameter= 3J|& probability
distribution®] 4~5+2] oFANS A A Sl= Zho|th.

p(]0) oc exp(67 ¢())

2. Exponential Family 2] Conjugate Prior
bayes’s theorem©]| 4] likelihood”} exponential familyQl 739, ct21} Z+S conJugate priorg Zr=t}t. o7
Aol Ao 7 JLZRE EA5H grx7] QejiAet st o]ufj <] conjugate prior ESt exponentlal family

ol
o) = o) (([1].[_ g ) - 2)

ofj ©] 4= prior distribution2 % 5}= natural parameter©|t}. v1-2 vector, vo= scalaro|tt. o] ZF-2 A=
Ae AR BAol

A.(7)= probability?] £32 12 YE= normalization costantZ, ©]of] w2l evidenced 115}A] &
likelihood®} priore] Ho. =2 posterlor—e— Aolgt 4 Qith. ol ZAUst LZ 9] = distribution?] Fo] th21}
r >z

20| e 50| Hi= Ao olaet 4 9tk Z, natural parametero] tlgt HAITTo] S-a1EITY,
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p(0]X) x exp 0T Z d(x;) —nA0) | - exp(’y?@ — 12A(0))
T

p(]X) ocexp | |71+ Z(b(ﬂci) 0 — (y2 +n)A(0)

o 454 AL Sl o]AHY] parameterE A5l EESHE 22 Parameterization (w743} o] 2kal Sal,
71 AIHE-E Parametric Form(mj7i 4 eff)o]2kal gt exponential family 4~2]-2 parametric formo|t}.
th-2-2 exponential familyo] tjdl] Zt &2 Al¥HsH= o A]o|tt.

Example 6.13 (Gaussian as Exponential Family)

- o N z
Univariate Gaussian distribution NV (i1, %) £ D282 =2 stz &LICh olt, ¢(z) = [Ig} QLICE 28 X|»Fo| Mol S Algsto] ofzfiel Alg g

UELICE
p(2]0) o exp(f1z + az%) (6.109)
Tj2tolE @ £ CH32k 20| Fstn
0=[4 -1 (6.110)
Ol 4] (6.109)0f CHYSIH CHZ ol A2 &S 4 AFLICH
j7ea z2 1 2 .
p(z|0) x exp o7 91 ) X €XP 7ﬁ(z — W) (6.111)

matA, univariate Gaussian distribution2 sufficient statistic ¢(z) = [zz] ot @ 2 FO{X|&= natural parameter ZHs X|$&Z2| HHL|CH

Example 6.14 (Bernoulli as Exponential Family)

Example 6.80{ A 242 Of2{Q] H| 2 70| FEE CIA| I FAICE

plalu) = (1 — )", =€ {0,1} (6.112)

p(alp) = expllog(4*(1 — p)'~*)] (6.1130)
= exp[zlogp + (1 — z)log(l — p)] (6.113b)
= explzlog p — zlog(l — p) + log(1l — p)] (6.113c)
= exp |zlog 1 f[u + log(1 — ) (6.113d)

OFX|2f A1 (6.113d) £ (6.107)2] X|~F HEHL SUsHH
h(z) =1 (6.114)
_ [l
6=log " (6.115)
oz) == (6.116)
A(0) = —log(1 — p) = log(1 + exp(h)) (6.117)
Olzk= e 2EE £ &L
0 ot 1 2| Z7l= invertible tH, CHSS 2HEELICH
p= ! (6.118)
1+ exp(—0)

22 likelihood”} exponential family @ conjugate priorg 5= Aot}
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Example 6.15

(6.113d)2| H|=2+0] 22| X|+=Z HEHES CHA| HT{FAICH

p(z|p) = exp {’r log 1 = +log(1 ,u)} (6.121)
W

YE S Z&LCh

0| #29| canonical conjugate prior= CHS2)

p(ula, B) = 7 5 exp {u log T 5 +(B+ a)log(l — pun) — A (7)} (6.122)
AN vy := [, B+ ] ' 0122, he(p) := p/(1 — p) YLICE (6.122) A2 ChS et 20| ZHThstA| Halg 4 A&Lch
p(p|a, B) = exp[(a— 1)logp + (B — 1) log(1l — p) — Ac(e, B)] (6.123)
2l 412 non-exponential family formofl CHI st CHS ot 2 o0,
p(ule, B) oc p®H(1 — ) (6.124)
0| Beta distribution (6.98)2t S 2 &LICt Example 6.120{ -] 22|= Beta distribution0| H|2%0] 22| conjugate prior2t 7FEMUT, AH|2
conjugate prior2ts S ZELICE O|H OfF0l M= X|=F HEH2| HI250] 2Z2| conjugate priorS ¥HE2 =M HIEt 2XE R=RELICH

12.6. Transformation of Random Variable

A 9 distributionSo] QAT o] & At o]}, o]o] w}e} transformationo] Z-2% random variable
9] distributione &l H2}. ojuf otA tFE A AP affine transformation2 223 4= 9zt o] Z-Qo] of

-2 non-linear transformationg A5} functional form-2 A X] 501‘(01“@ dlstrlbutlonCﬂX] g9 5
UL

random variabled 33} distributiond 9= T 712 A2 98 AWK 2} st CDFE AFgst= g8 49
WAlo| 11, ohE ShtHe chain rule ARESHE HF4lolTt

12.6.1. Distribution Function Technique

random variable X, Y of o3} function Uof A YV = U( )7 A Et A skt o232t Zo] CDF Fy (y) 7}
A olx] 11, CDFE differentiates}™ PDF f(y)7} ®Htt. =, Xof transformationg 28302 wf 9] distribution
2 7 4 9tk o]ff o] transformation 0] o= doma1n0] v 4~ it}

Fy(y)=P(Y <vy)

22 distribution function technique®] o A]o|tt.
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Example 6.16
SE WL X 7H0 < 2 < 10|lM Of2{2| PDFE 2H= 14 28 #42tD JH-s S AICE

f(z) = 32* (6.128)
oln, Y = X? 9| PDFE HtoHZ Al

g f a0l et Botots 80122, y 0| 32 [0, 1] RZHoll 50 QELICH flollM gt WS M Y o PDFE= CSTt 20| Alaket

nol
+
20]
o>
L
ol

Fy(y) =P(Y <vy) definition of cdf (6.129a)
=P(X*<vy) transformation of interest (6.129b)
=P(X< yg) inverse (6.129¢)
= Fx(y?) definition of CDF (6.129d)

Y2
= 3t2dt CDF as a definite integral (6.129¢)
0
= [z‘,'m (‘u'—’ result of integration (6.129f)
=y}, 0<y<1 (6.129g)
m2tM, Y o CDF= ofetiet Z&Lich
Fy(y) =y, 0<y<1 (6.130)
PDF= CDFE 0| 23t0f 22 4 AFLICE
N d 31
= Fy = 2, 0<y<1 6.131
fly) = g, Frlv) =5v <y< (6.131)

T3t random variable X of] T3l monotonically increasing function CDF Fx (z)7} £ o], Y = Fx(2)2 9]
E]E random variable Y= uniform distribution©]th. ©]= uniform distributiono]|A] g|o]g & &35t 5, o] CDF
o] inverseE &-g5f HolHE ¥= Aoz &8L & Uk

12.6.2. Change of Variable Technique

1. Univariate Random Variableo] tjgt A&
univariate random variable X ¢} invertible function U, random variable Y = U(X)E A 2512t X7} state

v € [a,b)2 712 ©] Y 2| PDFE o483} 2k,

d

) = F(U () - ]dyv-%m] (6.143)

Yol gjgt CDFE th23} o] 85 4= 9Jth. U7} invertibleo] B2 strictly increasing = strictly decreasing
3131, olo] ufe inverseZ Pl A8 4 k. strictly decreasing® A9 o= 21 To] oFzF ThEd],
inverse 23 1) H5 58 |2 81, 0] 5 10] 4 M 440 2 ek A0 ulZahA 29 7hs ot

o]& yoll thall differentiatestH th3} At ojuj PDFE= 4 0Eot A Zotof sh=d|, U7} strictly
decreasing® 7-¢ 547} H B2 AUighs A2

81



U~t(y)
() ddyF W=g [

o g

2. Multivariate Random Variableo] djgt 2]-&
fz(x) & multivariate random variable X ©] PDFg}al S}&}F. THeF vector-valued function y = U(z)7} 2]
domain o] BLE Zrol| A differentiable/invertibleo| ™, y of th-&&+= Zroll tisll Yo PDF= tr2-3 2t

) = £ ) e (50 w) )|

22 bivariate random variableo] Tt of A] o]t}

Example 6.17

T L. . . A st= o
State x = Lrl} £ 2= bivariate random variable X £ 12{si 2 ZI&LICt 0| =& H~2| PDF= Of2iet ZCt 7P gL C

f <[Q;j> - 21—. "'XI’( ; kl] {ﬂ) (6.145)

a b 1 4R
A [C b (6.146)

ojmf, y = A ©| stateS Z= HEE bivariate random variable Y 2| PDFE &0t2 &Lt

Change of variablesE |8l Al @ 2| inverse transformationO| y Ofl &t &t~Z LRFLICH 07| M linear transformationg ZHEstEE, inverse
transformation2 SHHZ FOFLICE 2 x 2 HHOA, SAS ALSSIEH HAIMOZ Ch3 1t 20| A 4 UHLICH
z| 1w 1 d bl |u .
{'l?z] -4 L/z] " ad—be [—(: a | |y ()
i S&= PDF= CH32H 20| F=0{FLICt
1 1 . o
flz) = f(A™'y) =5, 0P|,y A Ay (6.148)
HHD} HIE Zof| M HEof et Mgt~ @ O XM 0|22, L33k Z&L
g Aly=A4a" (6.149)
oy :
A | determinant= determinant2)| 0|22, Jacobian matrix2| determinant= CHa 1t ZH&L|CH
0 1
let A = 6.150
o (U'y y) ad — bc (6.150)
O|H| A (6.148)2t (6.150)2 =3t Theorem 6.162| change-of-variable 342 XM8otH Ct3o| A2 HE 4 UFLICH
0 4 )
fly) = f(@) |det oAy (6.151a)
0y
1 1o . .
=_—exp|—-y A Ay ||ad — bc| (6.151b)
2 2

13. Continuous Optimization

2 o)M= ML RE&ES trainingst?] 913t 214 &S tHEH. =, objective functiono] F=015-& o, op-
timization Y112 E&S A8 XA 9] parameter Y-S ZrotEct E35] T 7}A] main branch®l Unconstrained
Optimization(A|2Fo] 1+ 22 3H 1} Constrained Optimization(AH|2Fo] = A5} thZct.

o]df objective functiono] A} v B 7155k, ZF 92| oA gradientE AAME 4= Qlthal 7 MLoj A i
9] objective function> Z|5=gko] %2 <] %IO]E}- ApA o g A9 ghs F= AL 54 T2 valleysE 2=
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A3k ou), gradienti= ©] valloysof 4 © 281 ol Foi2 i ofghg Ptk o] 2]k ofol ol (gradient]
w9 Welehd e o] 5ate] b ge AHe e At
Z}=7F EE polynomiale] tjdiA= A4 differientatesf A & o] 2]H-g 2H2 4~ A9, o]# analytic solution
= 27 ol B2 9ol tisiA e gradientE Z-85f 2 9] 245 2totof Tt
Figure 7.2 Example
objective function.
60 Negative gradients
are indicated by
40 2t 4+ 72% 4 52% — 172 +3 arrows, and the

global minimum is

indicated by the
20 dashed blue line.
0 \

Objective

—6 -5 —4 -3 -2 -1 0 1 2
Value of parameter

13.1. Gradient Descent

13.1.1. Gradient Descent

Gradient Descent (A} )-2 first-order optimization ¢i12]Z& 0 2, function f : R® — R2] local
minimum-g 27] 9Jol], 7] FZ7k xooll A A&l th 41 iteratedtt). o]l fol] et gradient+= row
vector=2 A o] qict.

Tit1 = T — %’((Vf)(xi))T

A5t scalar 1, & AFERS W, f(zo) > f(z1) > -+ -2 local minimum @2 $=H3tc}. o o] v&= Step Size
t Learning Rate@}1l gtT}. learning rate”} Lﬂ = 7:]'2@ $H5H= g9 Lﬂ-r 2 d A2 1, learning rate

7F |UF 2H k] ESHA, overshoot B A, WAFSHA F.

o A3 O_E._t, standard gradient descent= batch optimization method=z, ©]u}] 2] batch= Ho]EAl A

AE Eteh. F,n = 1,--- ,NO& data point5°] Fol&2 o, vtk o] miH doJefAl Hajof gt

gradient& -5t}

N

Tit1 = Ti — i Z((an)(xi))T

n=1

univariate function®]] o3 gradient= S| | Ho| A HA 9] 7|&7 2 A 4= It multivariate function
of| A= contour line®]| orthogonalgt B} gk o =2 AJZFsk Z,‘— Qltt. Contour line(‘5114)-2 321 o]At9] thH <
FarollA] Bre] 2370l AT AVEE A2oted 249 Brio] FAg AL ool

Adaptive Gradient Descento]| 4= iteration™} T} step sizeE rescale$tth. TH2-31F ZHE heuristicO 2 E2}
o % 9o,

o Gradient step ©]% S+ Zho] =715 step-sizeZ} U5 Ath= Ao|B 2, 0] step2 UHA| HEZ 1L

step-sizes A

z

. W5egko] FATTHE AL step-sizer} B AAE Hrhe AL OJRISIRR, step-size E7HAIITH

t}-2-8 gradient descent®] o] AJo]tt.
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Example 7.1

2xH19| quadratic function 2} 0] &4:9| gradient7} Ct2 1t ZH&LICH
() =2l B a6 &
v ()= R ][ o

£7| 9|l (initial location) &g = [—3, —1] " ol Akl M, (7.6) &S
22| Figure 7.3 &x).

SHH minimum valueZ $=&3H= sequence of estimatesS 2g 4= UELICH(OF

Figure 7.3 Gradient
descent on a
two-dimensional
quadratic surface
(shown as a
heatmap). See
Example 7.1 for a
description.

2| 320l (7.6)2l gradient descent

= 80, o Ol M S5 WEOR oy = [—1.98,1.21] " 0] 0|0fX|= ZS & 4 UELICE Gradient descentE gHe
FHBIHN @y = [-1.32,-0.42]T S *

gradient descent= 4~Ho] H| 2 2 optimization.© 2, local minimumeo] ZH&4+= £~Ho|] =7t
=

Az = bol WMLk ||Az — bl| = (Az + b)" (Az + b)°]| gradient descentE #-&3f o5
solutiono] oju] ZAs}t1, uj-> a7 $E8T 4= Q.

13.1.2. Gradient Descent with Momentum

Gradient descent with momentum-2 ©]|7 iterationo]| Al BFAYst AL 7] 25}l= additional termS =
st 7]Ho|tt o] oheat o] AojHct =, A ghe ety 9al AFESE gradient®t momentum ZHE,
scalar o2 1 H| &2 XA A AFEStet. ol a € [0, 1]0]t}

zi1 = — (V) ()" +aVe;
Va;, =2, — xip1 = oV — i1 (V) (xii1)) "

2174 ghete Ao £ &gkt s ghell= 1 017“_ k=0l Brg = o] ot

gradient descent= curvature(Z-&)ol ufatA uf-$- 4= Qlom g ok7t O] memory & AHESH= Z ot} o]
Z71E term2 52 ZHA|A] 7| 1 gradient updates7]— EE]-?:]X]F._% 3o}t Zo 2 H]-96}2H, momentum
term-2 {eFg HHLZ] F o B= 7 10 39 5ozt A2k & ot

13.1.3. Stochastic Gradient Descent

Stochastic Gradient Descent(SGD, &&7F ZHAGHIH) E+= Mini- batch Gradient Descent= n =

, N ¢l data point&©°] £A|5}11 Z+Ztof st loss L, ©] 92 o], E‘: L, & A835t= gAl L, 9] subsetE
A5l gradient descentE 4P ot= 7S et =, HE sampleo] tjgt gradlenta Al4tehe A2 v
(VRAM, latency 5)°] A2 =2, gradiento] tgt noisy approximation% AFE-5H= Aot

= mini-batch size= ¢ A 2Fst gradient approximationg 715514 6Fal, parameter ¥H| 0] E 9] variacneE
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LA, ol % o eH9HQ) $3S o Dol AT, 7} gradient A ¥-go] Zek. v o] Z-L mini-
batche sizeE &-&o}H WE H4lo] 7}H50lal, gradient approximation®] noise2 {18} bad local optimas
glojd &= Qlth. T3 o] & optimization®] Z|F2 Q1 5242 generalization performances FAA| 7= Z o],
objective function®] A 7-& AS 6t A5t Ao] of7] wjRo 1 297} ] ar}.

I3t subset?H-S &-8-3f] optimizationd| & 7] 2] 84514 local minimum © 2 =St St

13.2. Lagrange Multiplier Method

13.2.1. Lagrange Multiplier Method

1. Lagrange Multiplier Method

Lagrange Multiplier Method(B}13F $4H)+= H X H42l lagrange multiplier A & 3712 Ag51=
constrained optimization 7| © & objective function®] contour line?} Constraint(A|f Z7) FA410]
Ao A A= Frtthe 7]etet JAS E-83ttt objective function f: RP = R @i =1,...,m of th3]
gi : RP — R <l constraints g;(x) < 0 o] ZA5t= 7L, optimization problem-& th-&a} Zt}.

i)

mmin f(x)

subject to g;(x) <0 i=1,...,m

lagrange multiplier methodo| A= 21} Z+o] lagrange multiplier A & 37}3t Lagrangian©] tj$t opti-
mization& Z-85l= Z O F constrained optimization problem-2 ZEtr}. oJuff \; = \; > 0 ¢l scalaro]il, A
= o]&& £ASt column vectoro|tt. g(x) ESH g;(x) 2 FATH column vectore|th. &, g(z)7} vector =
matrix®]™H AE column vector”} E T}

L(z,\) = f(z) + Z Aigi(x)
Lz, ) = f(x)+ A g(z)

A > 0 Aleko| F71E]E 0] 8=, constraints?] AAA x* oA objective functiono] ZHA = H

o] feasible region2 Hoju= 1Rl ( g(x) < 0 o] 20| E gradientE AYZH5|| HH A5t Vi(
o FAF WS Zhe|AHok 517 wlZoltt. f(x) 7F F&gtel =23t 22, constraintsE 19Fs}A] ¢
AolMe o ol fx) & AAaAZD 5 e Hako] EASHA] d=the nlolth. o= f(x) &

WEFl —V f(x*) 7} feasible regiong Hloju= aFQl Vg(x*) oF 2G04 -2 U2 7Ha]7]7] 2o
ol'5o] E7Fsoizl A=t 2 olm|gict

o
|
<
=
8
=

Aol A objective function f(x) 9] contour line constraints =+ g(x) = 0 °of Hdfof 5}l o]uff<]
T gradienti= A= BPSIeH(F54] AloF 23 g(x) < 0 o] St A9 o] Hijo] . Apuljolrt).
o|tj| contour line} constraints’} 3 6}+= ©]-5-=, ToF constraints’} contour lined Wx}sj A 7IthHH, o]=
constraintsE wHet o o] F WS o o AU -2 ThE contour lineS 2 AT 4= Q1-3-& oJu|s}r] of-Fo]rt.
o= Aok 249 ¢ objective function®] gradienti= constraints gradientS2] A3 Z3toz FH =}

<

TOF constraintsZ} h(z) = 0 2 SAo|gtH, o]l T 79 BS54 constraints h(z) < 0 I} h(x) > 0 &
2 228 4 ot = h(z) < 0 3 —h(x) < 0 o] A3, Z+ZH9] lagrange multiplierS A, Ao 2 SFH
L(z,\) = f(x) + An(z) O]2L A = A\ — Ao 7} HT}. &, 520 tigh A = F2 A|2Fo] giA .

2. Lagrangian duality

o2 4213 Zo| Lagrangian dualityE -85 o] A o theh FA|2 HFE 4= Qlth. optimizationof A
Duality(3d])= 7]£9] #4221 Primal Variable = o th$t optimization problem(Primal Problem)-&
T thE2 H4=9]l Dual Variables A o] 93t optimization problem(Dual Problem)= H&sl= 712 Wttt
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g PO

subject to A >0

ol dual objective function D(A) & D(A) = mingerp L(z, \) 2 FJE ). ol tf23 22 Minimax
Inequahty(Weak Duality)of] 9Ja] A > 0 & o Lagranglan Lz, \) St 7|& Zﬂ/] lower bound
7F T Z, A of) that BAIY] maxyso mingegn L(z,A) & FE o] i cgp maxyso £(, A) o]
et lower boundE 5= A¥} Zch

é
2 L,

min max £(x, \) > max min L£(x, \)
xERP A>0 A>0 xeRP

oluf inner producto] A A'g(z) = g(z)"A 7} AHSER, D()\) & o2 Lt} =, oj= A o dig

affine function=2] pointwise minimumo] 22 A} concavestal, global max1mum0] —'—ZH 01-1’4-

D(\) = mi A

(V) = min (f(z) +g(x) ")

objective function f(x) Y constraints g(x) 7} non-convex?Ql 73-%, local minimumo] ®#2]7] 49 global

minimum-g 2= Zlo] 514 0 2 o]t} WhH D(\) + affine function®] pointwise minimum© 2, f(x) W
g(z) o A0l G4 concaver} BrHconcavedlo] 2@ o] glck.).

SR dutA Q] Ao t§t lagrange multiplier method= weak duality®] 2]3f lower bound& F5}+=
Ad B 4 AFN7t =EHA= 42, olf KKTE= Ao tigr @ex7o|t}. =, primal problem 2]
OHS)—]- dual problem®] 3}|¢] Z}o]& 2Jn|5}= Duality Gapo] £ 4= ¢ttt € 3 problem©] convex
optimization problem¢l 7% strong dualityo]22 A} TUgH ﬂ’ﬁ]“ﬂﬂ- T Z53, KKTE A9
et FEXAo|t

3 g7 » ——== ==z Figure 7.4
S /’ D Ilustration of
T e m—— .
P e o7 Tl constrained
7 ’ - P s
9 H D7 I,' ’/ =TT optimization. The
~ .
’ [ R K L h unconstrained
! . .
royo K / PPt il P problem (indicated
I ’ - ~
[ ! / K h by the contour
1 1 | . ;
Iy vl ! ! d , 1 lines) has a
LR \ f minimum on the
\ AN v b \ S right side (indicated
\ \ .

g ooh v N N N SN \ ® by the circle). The
NN \ \ AY .
NN N AN S N N box constraints

N N AY g
NN N M ‘\ S o (-l1<z<1land
NN NN ~ ~ ~ .
RN ‘\ DN . (SN SO \\\ —1 < y <€ 1) require
- .
AR N NN S~ that the optimal
NN N AN SN N S S ==
N L
SN SN SooSe SO s, Sso solution is within
[NERANEN AN AN ~ ~ ~o Sso . .
SONNONNITNO TN Nl TN Seo Te=al the box, resulting in
— ~ ~ ~ ~ ~ ~ .
2 SN NN N S SN T, T an optimal value
SN N \\\ Ss \\\ Sso \\-.__ == indi d by the
R - indicated by the
~ ~—
RN R R e star.
oSG NG Sal SN S~o S~
-3 ] -~ -
-3 -2 —1 0 1 2 3

olt

optimization problemel 4] subject tot= ' 2h= Aok 22 Spefl'ehs £o2, B4 P48 HAasotAL et
] Z]AoF & constraintsg YA ol ARE-SHCt

groF o18f 7o) constraints7h EAGHIA the 54131 o) Zzte] g FotE 4

d

o}

s

3
3
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13.2.2. KKT Conditions

KKT(Karush-Kuhn-Tucker) Conditions+ constrained optimization problemo]| A o1 |7} 2 & 3]<]
2o tigt @@ xAo|ct. =, KKT conditions7} A 3oty FEA] 2591 22 oy z|ut, 252 74-¢
o] xAE] APt o] th-2 3} -2 optimization problemof &-& 7}°535}tt.

min  f(x)
xT
subject to  g;(x) <0, i=1,...,m
hj(IL’):O, j=1,...,p

KKT conditionst= t-21} -2 4712 274082 FA =T}
o Stationary (/34): Lagrangian £ o] n|Zgto] A5 ]A] 00] Eojof gttt

|

+Z/\ Vgi(x +Zl/ Vhj(

 Primal Feasibility (primal problem®] A3 7}54): 2|A 3] *&= primal problem®] 2E constraintsE
BHE o} gt

|

o Dual Feasibility (dual problem®] A3} 7}'54): lagrange multiplier= A 0t} 3 A} Zrotof it

¥

(2

>0

o Complementary Slackness (/z) o]-54): constraints g; €} 1of th-25F= lagrange multiplier \; &
Ship= HEEA] Oo]ofof it} &, ConstralntSﬂ 232K Active) 5o g;(z*) = 00]AL}, H|Z/J3}E o]
A = DoJolof Gehe 2L ofmg

Aigi(x™) =0

13.3. Convex Optimization
convex optimization problemeof] tf3f] &otHE 11, 1 A& Arm H A},

13.3.1. Convex Optimization

1. Convex Set and Convex Function
A C9] vector z,y € CQI- A o]9] scalar 0 < 6 < 1 = Ao] 4y o, CE Convex Seto]ztal
Fk Agtel 5 R4E Qs 40| 1 gt ol EAakE Ugto Rk ojshe % 9l

bx+(1—-0)yeC
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Figure 7.6 Example

Figure 7.5 Example
of a nonconvex set.

of a convex set.

function f : RP — R2] domain®] convex setd m], 2] domaino]] 9l 2]9] & vector z, y2} 22]9] scalar
0 <6 <19 A5 th20] AH5HH f& Convex Function(EE g4=)o|2t1 gttt TS convex function]
negativeS Concave Function(Q% §t4)o]2tal gt

[0z + (1= 0)y) <O0f(x)+(1—-6)f(y)
function 9] oJ® & 3 7k} 2410 1 function valuegHtt 4 91 3= g2 ol & o =, f7}

n27Hsd o) Aoo] &= A z,yoll tiaf th&o] A H5HH convexo|ot. T f7F F ¥ 0|2 7155t hessian
V2 f(x)7} positive semidefinite®] ™ fi= convexo|T}.

fly) = Vo f (@) (y — 2) + f(2)

Figure 7.7 Example
of a convex
40 function.

30 y =3z — 5z +2
>
20

10

convex functionE-2] nonnegative weighted sum™ convex function®©|th. =, convex function fi, fo7} 1L,

nonnegative scalar «, 8 > 00] & W o+ afi(z) + Bf2(z) = convex function©|t}. & function 7+ B1Al 7}
nonnegative scalar -2 convexityo]] sl @3 Q0B 2 o]& &8 convexityE &Q15}= Zo] Zt}. o]¢
nonnegative weighted sum-g #35t= 25 E5A]-2 Jensen’s Inequality2til Stct.

2. Convex Optimization Problem

function f7} convex function®]il, g, h"& EG5}= constraints”} convex ], o] optimizationa Convex
Optimization Problemo]g}1l sttt =, o8 742 UFES}= constrained optimization problem-2 convex
optimization problemo]2}til Stct.

min f(x)
subject to g;(x) <0 forall i=1,...,m
hj(®)=0 forall j=1,...,n
where all functions f(x) and g;(2) are convex functions,

and all h;(2) = 0 are convex sets.

convex optimization problem®] 7% global optimality”} HAEIth ESF Strong DualityS 7F2| =4, o=
dual problem®] & 3|7} primal problem®] A3} Zth= AL oju|gitt. o]u KKT conditions= 3}7}
A sfo]7] fI7t FEZ 0|t =, KKT conditions& THESHH 1 sfl= [ & o]t

D()) = mingepp L(x,\) & 5= 22 constraints?} £A|5}A] &= optimization problemo|il, L(x, \)
7} u]l& 7F53%t convex functionQl 73 differentiatedf|A] 091 XH& Fo} &S 4 YrH(KKTY
stationary). TSt o]df] 7]&9] constraintE FEsI=X| . gQlfo} Stct.
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ohS 133} ZHo] convex set-2 convex function filling indh= Hgo 2 AZMSE 4= Qltt. o|HA| A YA TH=
98 convex function®] Epigraphztil $tct.

Ol

f(z) Epigraph f(z) Epigraph
7
! ! : L !
dom( ) o

Convex function Nonconvex function

8

&2 convex optimization problem®] of|X|o]t}. quadratic programmingo]|A] Q= positive definiteo] 1, 27Q
= convex©|t}. =, convex optimization problem®] 7-9- o] A L(x, \)E T3, 0|EFA] 00] B&= 4]S A

H, 22 AA Aol Tt Aoz Heg 4 gk
Linear Programming

Flo

QoM MTHEH S+50| BF linear2t ZHFoHCHH, ChS 0t 20| EHE 4 Q&L
] T
min ¢ @ (7.39)
zeR?

subject to Az <b

Sl AMojM A € R™*¢ 12|11 b € R™ QLICE 0|2 linear program(M&EA|lH) 0|2t LT} 07| M d o] B4t m 742 e &t
(linear constaints)Z 7+X| 11 Q&LICE

2| 2H|0l| Lagrangian2 CH2 1t 20| ZO{ZL|CH.

Lz, A) =c'z+ AT (Az — b) (7.40)
07| A € R™ 2 non-negative@! 2t S0 HIE|QILICE o Of i S&l= FEZ Fe|otH Chaat 25U Ch

Lz, A =(c+ ANz -ATb (7.41)

2l A2 Soff ¢ off et £(, A) o TE4E Fo10, 03 2Tt MHSHH Ct32 Alg o

fllo

c+A'A=0 (7.42)
wj2tM, dual Lagrangian 2 D(A) = —AT b eL|ct.

£(z, A) 2 £e47}00]7] W20l & of0| QLS #etotL|2h X > 00|22 Z= ChZ3H 22 dual optimization problem 0] ZHS0{ZL]

ch.
max —b'A (7.32)
AER™
subjectto ¢+ A'A=0
A>0
O =3t m ISl M5 2= MEAZMRLICE 07| m Ei= d B0l o= 20| o 2X|of w2t (7.39)2] primal O|Lt (7.43)2] dual & A1&4

2 =
of £ ELICE 7|M d = primal program 0| A tH==2] 242~0]0{ m 2 primal programOil Al ®|2Fe| Zia~iL|Ct,
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Quadratic Programming

O|tHol|l= A|2F Z=710] affine?! convex quadratic objective function #[0|AZ ATHEE St7&LICH F, Ch2at ZH&LICh
N T
min -z Qr+c x (7.45)
zcRd 2

subject to Ax <b
07|18 A € R™*4 b ¢ Rm 22|10 ¢ € RY Lct.

Square symmetric matrix Q@ € R%*? &= positive definite 0|0, 2t S &t4+= convex 2LICt. 0|Z quadratic program (22X 2]
i) ol2t ELict o7|olls d 7Hel B4t m 7He| MY H|eko| Q&L

Lagrangian2 CH32t 20| F0{FL|C
E(w,/\):%az‘Q:l:-irc‘:l:JrA[(Aa:—b) (7.48a)
:%m‘Qm+(c+A‘A)'m7Ab (7.48D)
o thet £(x, A) o =etE Foff 0xt 2Tt Mo, h3o Al e 4 A&LCH
Qr+(c+A'A)=0 (7.49)
Q tinvertible SITH ZFYSHCHA, CHS 9| Al 2 ¢ £ AlAHE & Ql&LICE
z=-Q (c+A'N) (7.50)
41 (7.50)2 primal Lagrangian £(a, X) ol X|Z6t2, CH29| dual Lagrangiang €€ 4= Q&LICH
@(A):%(HA‘A)'Q e+ A™X) - 2Th (7.51)

[t2tA, dual optimization problem2 CHS 1 20| F=O{ZIL|C

[y

max —Z(e+A N QY (c+A™XN)-ATD

subjectto A >0

V)

(7.52)

12%0{| M quadratic programming2 H 41210l 2 ¢t Al E AT EL|CE

13.3.2. Legendre-Fenchel Transform and Convex Conjugate

1. Hyperplane

Hyperplane(}.%‘fq),_ geometry 3 linear algebraofA], —,—01 A n 2 3R SF 2 Y-S (n — 1) 2}
21 9] affine subspace &= bubbpace(mterceptﬂ- gullg] el AL)E om|gitt. R o)A 9] hyperplane th2 1}
7o zAsto g Holgtt ojuf w € R*E AgHlg]7} ofd Vectori, hyperplane¥} orthogonals}tt. bi= affine
subspaceS WE|+= scalaro]tt.

H={z cR"|(w,z)+b=w"z+b=0}

Z hyperplane2 inner productE AFE3] AT 4= ot ZEoJA AH wixy + woxe + -+ +wpx, +b =0
0|1, o]& W=ESt= 2] He H ] dimension®] n— 1¢] affine subspace©]t}. o]t wE 3| affine spaceo]
gt Normal Vector(‘ﬂg}ﬁ HE), b5 Intercept(@H) E+= Biasgtal gt} £9] normal vector= 3% affine
space2} orthogonal'fﬂ-tﬂ ]t affine space 9]2] ¢12]2] & vector x1, z20] W3] AZ5tH w’(x; —x2) =0
o] o= Ao=w ST 4+ 3l

_n:

oﬂl mol(

I35t intercept= wo] Higko 2 1
Sl hyperplane £19] n—J‘—ﬂ Hex
o|%35tth) xf) = xp + u°] F 1, 7|& hyperplane 5412 &-851H wlzy = wl(z) — u) = wlz) + b = 09]
=t =, g hyperplane ]f hyperplane2 u7HgE 3 3J0]%53t hyperplaneo|th. T35t wl (2} — u)o| A w
= wo orthogonal gk 47} Afeb B2, wel Wekow Bajo|Fo| A4

17491 E7roA hyperplane& 0249191 4, 2741 E7rA hyperplane 149191 44, 37191 E7+A] hy-

QoI5 A LERITE ofE QAL ALt hyperplane w'n = 09)
02 A5} 2o E F9l9] vector uiHE HE %"“O]E/‘V]Dq( < "ol
(




perplane-2 22}¢1¢l dutA o] o},

= j i,
7174 5 R HlolE 2404 2] BEl, 53] FHolA dmE SVMo|u HAEEY -2 A9 —‘?—%7] of| A hyper-
plane2 mf-& = Qot 7HL oltl. = dlolg7} AP el EA F7H(Feature space)ol] W= o, hyperplane
L o ]Eia HE = A2 OFHSIE decision boundary2 7]535th &, A2-& Hlolg ZQIE x 7}
AR W wle + b o] Fo (Y Ei 250 ufet o) dolele] FehAS BRE 5 e,

2. Legendre-Fenchel Transform and Convex Conjugate

ol" g S7t LZH%L o}, sig SO Al A= 54 A z0E A= hyperplanes AJ2612L. o] hyperplane
< AA| spaceE o]-5+otH, S7t F WE(t F o HJ#{*OHUJ ¢Hds] P thd, sid hyperplanes & g
o] 51¢] Supporting Hyperplaneo|z} gttt ojmf gheF S7} convex seto]2HH supporting hyperplaneo] 2
o]k skt o]4f EA5HH, supporting hyperplaneso] A4 ot= HHg1tE2] R259te ol S7F dt. =,
convex set-2 hyperplane_J Aoto 2 erd 4~ Qth 01'/11 A5t epigraph T A A 2] e A= hyperplane
=2 A4S ol 4 . ISt o] hyperplane5< convex seto] T]-$-&]= convex functlonJ} Xt =2,
convex function-& o] E_J gradiento] |t function . 2 e 4= 9t

Legendre-Fenchel Transformation(2#F =2 #3d W) differentiable(n]E 7}5)3t convex function
f(x)E 1 tangent(FA)9] gradient V,f(z)2} AP{H function® 2 H3}I5}+= transformationo|th. Fi1 2,
ol+= z7} otYz} function fof t$t transformation®|tt. ©] transformation®] Zi}E Convex Conjugate
Function(ZE% A g5)olatl sttt =, functiong FE2] o] otz gradiento] g oz HE= du-
ality7} Attt

function f : RP — R9] conjugate function f*-& th-&a} Zro] Aot} o|nf supL supremum 2, A
()= K3t =, sE Z k= vectore] TR hyperplaneof] thsf], f(x)2Fe] 2ko]7} 2|Hi ] 2|3 o] A E
Z=3ol= functiono|t}. &l 2 o|uf f(x)7} differentiable®] /4 convexd E Q= ¢ith.

(o]

-

S
R

[(5) = sup,epn ((s,2) — f(2))

@A o g AZH| B conjugate function®] function valuet= Z} sof ]3] A 2]&]= hyperplane©] f(x)2]
otefEe] Mokt A WA HAOLEAZIE AlolT, ol o f(r)7F ol BA AALAE L % Ack:
convex function®] 7%, Legendre transform-2 2¥ Z-851H Y29 functiono] E=EEth ESH convex dif-
ferentiable function< hyperplaney} Zdl= 2| o] 7} ofef|Zof FAF A5, A5t X A& zo2k1 514
Thg3t Zo] AT % 9.

[ (s) = (s,20) — f(z0)

Th-3-2 convex conjugates AAFst= oAl Eolt.
Example 7.7 (Convex Conjugates)

Convex conjugates?| 888 HAHs}7| 2/l M, CHE 2| quadratic function & AT FA|C}

-~
o
©

A
fly) =Sy K 'y (7.5

K € R™"™ 2 positive definite matrix &L|Ct.

0{7|M primal variable2 y € R" @2 B 7|81, dual variable2 a € R" 22 H7|§fL|CL

Definition 7.45 XM &3t C+32| &4+E &g 4= UBLICH

‘ A
f'(e) = sup(y, ) — Sy K 'y (7.60)

ye

47t 02 7ksoh7| W20l y off theh =et4~5 1ot 01 ZCh2td BHSHH maximume #E 4 AELICH

9y (a— AK'y) (7.61)

Gradient7t 02 M, y = 1 Ko QILICH 0|2 (7.60)0ll CHISHH, CH o Alg 912 4 UALICE
f(a) = K A K K! 1K K (7.62
a o Ka-—3 [ YKo e Ka 7.62)

o]|Z A Z+ sampleo] gt loss ZF2] §H2 7E sample?] loss 4F2] conjugate function2 AJZFer 4= Qltt.
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Example 7.8

HA2{HoME BE g4+E2 &2 AFSFLICL 0| S01, training set2| objective function© 2 training set2| Zt exampleS2| losses &2 AtEgtL|Ct. 0|

=2
rr
&
=
=]
re
o
&
a
[
a
-~
GO
10
1
10

FLch

O7IM L(t) = 37 Li(t:) Yuich

2|,
n
L (z) = stg\z,t) = ;ll(tz)
n
= sup Z zit; — li(t;) definition of dot product
teRn 4=
n
= Z sup zit; — Li(t;)
< ter
= Z I*(z) definition of conjugate
i=1
QLck

t}-2-2 convex optimizaton problem-2 convex conjugates Z-83f] HL5}= o A]o]tt.

Example 7.9

| convex conjugateE fEHEEE otZi&LICE 0] o x| = HE{2| Z<L0i convex conjugateS O{EAH| HEsH=X|T E0{

(7.63a)

(7.63b)

(7.63c)

(7.63d)

f(y) @ g(=) 7}t convec functions 0|1, & A 7t Az = y S WESH= MH3H AHI| real matrix 2t 7P BHAICH J2{8, ChE ol Ao HRlgtLict.

min f(Az) + g(2) = min f(y) + g(x)
z Az=y
Mot zH Az = y ol cist 212 F S5 u S TSI,
min £(y) + o(e) = minmax f(y) + g(2) + (A2 —9) u
z—y Ty
= maxmin f(y) + g(z) + (Az —y) u
v zy
0|3, 7| f(y) 2 g(x) 7t convex functionO|7| Ih20f| OFX|2} F2| max2t min2| $IX|S HHRALLICE
Dot product term £2[st1, 2 2ty of Chsh Ha|stH,
maxmin f(y) + g(z) + (Az —y) 'u
u  zy
=max {min -y u+ f(y)] + [min(Aa:) u+g(:c)]
u y z

=max {min y u+f(y)|+ [minm Alu+ q(ic)}
u y z

Definition 7.42| convex conjugate®t dot product?t symmetric StCHe AMM S Soff LS9 40| ZEEL|CtH

—

max {min -y u+ f(y)| + [minz "ATu +g(m)}
u Yy x

—max—f*(u) — g (—A )
u
maka, Ch3 2| Alo| MelgtL|ct

min f(Aw) + g() = max — f*(w) — g*(~A )

14. When Models Meet Data

14.1. Data, Models, and Learning

14.1.1. Data
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(7.64)

(7.65a)

(7.65b)

(7.66a)
(7.66b)

(7.66c)

(7.67a)

(7.67b)

(7.68)



o7l dlole7F AFE = el & L, AE35] A JHz 2E 5 Aol 7T

gloJgAlof| A Hlo|§ o] 4= No=2 ®7]510, Ho|HAl W9 2} HolE& n = ,No =g Qg 4]ttt

g st 20 oIl vecrorSe] Wz Fo1Ac a2 S, olu]e] 2 vow o A HOIELE Lt ]o

example = data point2tal 2| &SI columnE TAQE ER features LEFYH, feature=1,--- , D&

oldlAlsttt. o]of et z,= D-dimensional vectoro]|th. =, example% matrix X € RV*P2 Jepditt B2
et 18] 2o it example2 column vector=2 WUEFY| 7] & ot}

Gender ID Degree Latitude Longitude  Age  Annual Salary Table 8.2 Example
(in degrees)  (in degrees) (in thousands) data from a
-1 2 51.5073 0.1290 36 89.563 fictitious human
-1 3 51.5074 0.1275 47 123.543 resource database
+1 1 51.5071 0.1278 26 23.989 (see Table 8.1),
-1 1 51.5075 0.1281 68 138.769 converted to a
+1 2 51.5074 0.1278 33 113.888 numerical format.

supervised learning problemof| A= example z,°] -2 W ZF exampleo] gt label y,©] £Agttt. label
2 target, response variable, annotation®]|2t1l % §ttt. o] AL glolg AL {(z1,41), -, (zn,yn)} T ZO]
example-label 232 Ao g2 A o=}

ML A= example H3to] i.i.d. P& 7} St =, example 719] statistically indepdentd}il, SU 3t distri-

bution 7}2cka G,
oA Aol A WA mpEo|A duwE £ T ES ARESte] QoA AdEE A 22 mAlEY ZAE 54
skt tﬂol HE ¥WHE ﬁ‘ﬂ St 2% W "hﬁi A o4 (linear algebra) 7gS AHES = Ql&Uth e
HAlE Y daglEeAe F7H o R £ WEE HIE 4= §lojof FUtt. FHollA AW EHdH|, F example 7+9]
similarity} distances AAHs}Fo] —.—,—/\]-OJ' featuresE 7} examplesZ} -§-AFSH label S Zt=ths= A2 FAISHE &

Ay

"go|E]E HE 2 EE5}7] iR, go]ElE XASt] AAH o2 ¢ £& Ei(better representations)-2& ZHg 4
1Yt Good representationsE 2H= 5 712] HbH-8 =9]51=1|, St 7}2] HIH-& original feature vector_J lower—

demensional approximationsE 2= 70|11, t}& S}Lf+= original feature vectorJ non-linear higher-dimensional
combinations& AFg-5h= A Yt

14.1.2. Models

model /predictor”} o]® ZAQIz| = th2i} 748 T 717

-

Hoeg o]

2
ok

% glek

r

1. Models as Functions
predictorZ input sampleo] 3] output-2 AJAJSH= linear function© 2 A o] st}

i

f(x)=0"x+6,

Figure 8.2 Example
function (black solid
diagonal line) and
its prediction at

x = 60, i.e.,

£(60) = 100.

2. Models as Probability Distributions

predictorE single function® 2 7FF38l= 4l functiono] 7}Z|+&= distributiong AW 3}l= probabilistic
model2 A 9o]&F 4~ QIt}. o]& probabilistic model EZ 5= RE random variable?] joint distribution
o2 Aoy
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Figure 8.3 Example
function (black solid 150 ‘l
diagonal line) and : o
its predictive 125 1
uncertainty at ° i ! /
z = 60 (drawn as a 100 "
Gaussian). ° :
= 75 |
I
]
50 !
25 [ ] |
:
0
0 10 20 30 40 50 60 70 80
x
14.1.3. Learning
learning ®= training®] 5 E = unseen datao] tsfA = predictor7} & oS E £L& parameters& 2=

Aoltt.
ML &38| &2 3714 FiEE GA R osfd 4= Qi
1. Prediction/Inference: unseen datao] thsl] st<5% predictorE AM-ESh= THA.

2. Training/Parameter Estimation: training datag 7|9t 2 predictorg ZA5t= ©A. measure of
qualtiyS 7|90 g2 A 5}+= HHA]7}(loss/objective function AF-g), bayesian inferenceS &3l =735}
L wpao0) g,

3. Hyperparameter Tuning/Model Selection

14.2. Empirical Risk Minimization

predictor”} function®l 7 -%-of sl &olH A}

14.2.1. Empirical Risk Minimization

1. Empirical Risk Minimization
Empirical Risk Minimization(ERM)-& MLoJ| A4 2 d-& 5H<535t uf
#}(Risk) & Hzstete] 12 0] e 2 7R Frigelt. ojyle
011—4-.

e What is the set of functions we allow the predictor to take?

e How do we measure how well the predictor performs on the training data?

e How do we construct predictors from only training data that performs well on unseen test data?

e What is the procedure for searching over the space of models?

2. ERMY|4]9] Function

N7§ 9] example x,, € RP9} 7} exampleo]] -2 5= ¢, € Ro] Fo4Z {(x1,51), -, (xn,yn)} 2ol e
supervised learning= 7Hg O]';q' parameter’} 62 ¥ 7| %= function(predictor) f : RD — Rof| thalf ok}
Zro] &2 parameter 0*-& ZH= 71o] ERM 2] 2 o]t}

-

f(xn,0")~y, forall n=1--- N

o] 9] predictor?] output(dZgh)L § = f(x,, 0 )= E7|5tcH

54 85} o] s nction© 2 LEHAAL, ] 12 37150 @ = 131, ol 0= ... 0
o] AL of tf3]] affine model2 = E 7|8 4= QJtt. B2 ¢t 18] wat non-linear function© 2% A o]k 4=

oJch.
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f(2n,0") =07z,

D
f(@n,07) =00+ baza
=1

3. Loss Function

o Zo] glo]efof & ghi=tt= A& o]ofr|5H7] 54 = ground truth(label) yn_L]- prediction §,, AF°]2] non-

negative g2l LossE &35} Loss Function {(y,,§, )2 A oslof tt}. &2 parameter & F=th=

2 1= N7|9] training example o] OIgt o lossE | AS}s= A o]t} o] example Aete i.1.d.0]E_E._,
o] empirical meano] AT Jlé—ﬁ'—(populaution mean) 2] good estimateztl A2 4= 9}?}

Z example matrix X = [xq, - ,zy]T € RV*P&} label vector y = [y1,--- ,yn]T € RN || thsl] B loss
= T3t o] 244 4= Qlok olff 4, = f(xn,0)°]th. ©]F Empirical Riske2ty st, ERM2 o] &
Z 4 3}5H= problemo]t}.

N

Ry (1, X9) = 3 Dy 1)

n=1

gt 7RIt 7] glolel S 7Rt 9o tisf True RiskE o2 &o] 2/ & qleh. &, BE dlo]Eof
2 %42 St function fE& ZE= Zo] ZHEo|tt

£ HA
rO[l

o

]
Lo

&)
EY

N
. 1 1
min Z yn = [ (@, 0))? = min =3 (yn — 0" 2)* = min [y — X6

14.2.2. Generalization Performance

1. Generalization
predictor+= unseen data®]] 3l £ A58 Hoof sttt =, generalization 53 7Fx| 11 Qoo sttt

ok Alofl f3ket Hloly Hete] & o, o]+ training setT} test set © 2 LT}, training set-> R @& Sk
g o] AFRIE]1, test set-2 unseen dataZA] generalization performances 718 W] AF&SH). training set
Z dEE= 71 subsetQl validation set 0.2 B3} St 14 of| A 9] performanceE =74 5F1l hyperparameter
548 5t= gjof] AFESHtt HHH test set2 HE 01’\ 9 hyperparameter Fdo] =55 o|T rdo] =9
sHolg ) A1,

ERM-2 predictorZ} training setof| 9k U5 2 9k31 test setofl= & 92| &= Overfitting(ZH2 ) of| mh-d 4~
Qlth. o] F 2 d|o|e7} A1 hypothesis class7} 225t 7-¢-of 2 2ASHE}. empirical risk”} true riskS
T falaL G AORE ol 2 gl

2. Regularization
Regularization(313})-2 training optimizer7} 2Z|1}2]7} flexible§t predictorg HIgs}7] o]P = 5h=
penalty term-2 Z7}5}= 7| Ho|t}. o] Z7}5}= g2 Regularizergtil 5111, A& Regularization Parameter

a3 st

A9l regularation © 2= L1 regularization} L2 regularization®] ¢ T}. overfitting®] Y ojL}H dutz oz
parameter 4fe] 2717} AX= AdFo| =], o] F "4 BLE optimizaiton A|o] parameter”} 0] 717F A
T2 gt} L1/L2 regularizatione ofgfl o] =411} Zro] ZHz} loss functionof] A|6|2}F A||0]?E D €] & ¢t
M= 1dE o] 37|15 A A5H= oFo] A42, hyperparametero] T,

ol

Jo
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=10+ )0
¢ =L+ N0

6] ZPolA| W 0= 00 = A S}E] 11, L2+ A7} F42-6] AotA & 02 2 XA 3tx| 2] = g=tt.
ss= 1| 2SH Zi% A Zysl] B Llof A= graientZ} A(sign(6))0]al, L2 A= gradient7} 2A00] 252 ~47ﬂ
: 2 0°] 2710 wret s d ¥ gho] Aslx]7] wjZol 0 gho] FEFA 0of] Z3sHA Hot.

L1, 01‘5 ‘Iﬁ% L27} © oA, empiricalstA Hetsfof gt

14.2.3. Model Fitting

Fitting2 22 9] parameters %] 4 5}5f 01114 loss functiong FA3Slol= A2 oJu|stct. A3} o] 71535t
best parameter& 22 W, 37}4] case £ 51d 4 it

1. Overfitting: 2 20| ot dlo|E|Al-S Relle)sl7]| o) U5 7Hat AFS}. predictor”} training setof| g 1 5+
A BH, test setol e 2 BHA] GF 792 Wth, 2 parameter 27 U B 73.9-of WARICE

2. Underfitting: R 2o] | gio|g e Rdgs}r]o] ZE61A] e Ak F2 parameter =7} 5
A2 790 T,

3. Fitting well: 2 &o] g5t o] E|AlL el & d}7] o

Figure 8.8 Fitting
(by maximum
likelihood) of
different model
classes to a
regression dataset.

= Training data
— MIE

1
2
=0
2

(a) Overfitting (b) Underfitting. (c) Fitting well.

14.3. Parameter Estimation

predictor”} probability distribution®l 7-9-of t)3}] &otH 2} Parameter Estimation2 Ho]E & vlg o 2 3
2 glo|E| & A A probability distribution®] parameter& 484 0 2 F=235}= A2 9n|gict. E3| O]—a] of| A
dol = MLEQ} MAP‘— nde 1Ak 2z dish= o 5ol _4744_4 0 k& Z= point estimates 43§ttt =, 1
A= probablhty distribution©] O]-L] ﬂ- Ay zkel parameterth. o 7] ]H Am 2 hkehhoodb loss functioni}
—,1—/\]'0}_1_, prior= regularization™} %/\]-0]-11}.

14.3.1. Maximum Likelihood Estimation

Maximum Likelihood Estimation(MLE)+ d|o|g]of tgt likelihoodE Z|tHE S}= parameters 2=
7IHolth. &, Tlolglo] & = BES 2] 915f| parametero]] gt likelihood functiong 7 oJsl &-8-6}+=
Aolet.

N7H9’] example Tp € RDS)‘}) exampleoﬂ EH ﬂ — Yn € RO] _?—01;1(1 {(mlvyl)a Ty (fBN,yN)} yé]'oﬂ q@-
supervised learning-2- 7]-72'}’6‘]-1}. o]uff example®] H gt} label @] Aol iid.o|RE, X = {xq, -, Y
{y1,-- ,yn}ell gt likelihood+= Th33} Zo] 7iH exampleo] T3t likelihood o] F O = Folig 4

p(Y|X,0) Hp Yn|Tn, 0)

random variable 2 EJ &= ¢|o]E|Q}, parameter 85 71X+ continous probability distribution p(x|0)

of| tfdl] Negative Log-likelihood L, (0)= th21}F o] A oJHtt. random variableo] H&3 o= L(O)EE
ZHA Skt p(x|0) = BE5 H|o|H x7t =&5 7|9 parameter 071 QuirLy AR E LEF L, negatlve log
likelihood Zto] 242 gt A8 & 4 Qth
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L,(0) = —logp(|6)

negative log likelihoodS AF&SHH Z} distributiono] tjgt Z-& iAo g2 & 4= 9] 71, MLEX ©] negative log
likelihood”} AR S}= parameterE 2= 722 71 2o 2 st

L(6) = —logp(Y|X,0) Zlogp Yn|Tn,0)

6 = argmin £(6)
0

MLE+ 73t6] B2 o877 T o AS534ke] true value® 6k, S54t3} true value 7Ho] @ 2=
gaussian distribution© 2 43Sttt ESH N7 9] Eﬂ olE] & AMEHE 1 variance: L2, H
T2 tlo]E & AHE S varianceZt Eo] =t §HH A2 H|o|E & A= -9 overfittingo] WY gt

MLE®] thal A& closed-form analytic solution®o] $1-2 4= ¢Ji=d|, o] A% 9tA & optimization 1 8&LS
5)—.9.6]—1:]—
= 0 .

22 gaussian distribution®] negative log liklihoodE F5}= | A]o|t}.

Example 8.5

Gaussian likelihood (8.15)2| ®|H|E 0|0 M HTHEH I EL|Ct Negative log-likelihood= Otz2Het 20| CHA| ZHEEL|CE

N N
= 7210gp(yn z,,0)=— Zlogj\f(y”\m”&n2) (8.18a)
n—1 n=1
n 79 2
=— Z log ——exp < M) (8.18b)
V2mo? 20°

N

= 7210gexp( 9”27:”9)> Zlog

n=1 n=1

N
= 2(172 Z Un — z,, 0)* ZIO‘T (8.18d)

n=1 n=1 v QTU_

1

V27mo?

(8.18c¢)

o 7t FO{X|H, (8.18c)2l F MY B2 A0|22, L£(0) S £ Astst= U2 least-squares problem(X M| 2HS &= 243t Z5LICH(4 (8.8)

1t H]1a).

14.3.2. Maximum A Posteriori Estimation

Maximum A Posteriori(MAP) Estimation2 3% %—‘ﬂ tlo]E| ¢} parametero]] thet prior(AFA 2|4 E
BE 1335}9], posteriorE F U= O]-—— parametersS 2= EA| A 7|dte] 22 7|Ho|th = negative log-
likelihood 9] Z]4=3}F-2 7 5= th4l, negative log- posterlor_J F£S F45= problemg &7 "t} o] &
213} bayes’ theorem-2 Z]-85}H 1:]-—14- 7o L2218 A-S 4 9lth. o|uf parameter?} H o] E]Al-L independent
SFE2 p(6].X) = p(8)oIT.

p(Y]X,6)p(6)
p(6]X,y) = P12 0PE)

O =" )
parameter @] distributiono]] prior(AFA ] A1)7} Z2|stcHA, orex) 7*0] bayes’ theorem-2 &3} Ht
4= Qlt}. o]uff evidencer parameter?} o] glom g A sttt = o] AL posterior7} 2 AU
prior/likelihood”} B2 ¢ £ Hdo|ztal & 3 4= Qlt}. posterior?] A olof AL, p(0|x)= HolH
THAS 9 i parameter7]— Eﬂ% proabablhtyE [Ba=IAihuly

K
2~
T

e
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p(8]Y, X) o< p(Y]X, 0)p(6)

o] 7 likelihood®} prior?] Z-& s}l parameter 0y 4p= ZH= optimization problem © 2 % o] F T}

Orrap = arggnaxp(YlX ,0)p(0)

ALl HolE ]5f negative logS -85, th2 1} Zro] A=t oju £7FE — log p(0)% regularization
9] penalty term?] &g+ =83t}

Oriap = arg min (—logp(Y|X, 6) —log p(6))

14.4. Probabilistic Modeling and Inference

MLES} MAPo|| A= 2| 4] ﬂ?‘::— off parameter©] T S 2|5 2=t o17] ] A<= parameterof] T} posterior
distribution A& F5}= HFH-L otolE o). o]Z A distribution AHH|S {511 &851= AL £ Rdo| 7[A]=
Bl Ao Hafalst 2 971, Verﬁtting% sk 2 9)

o]

' 2 6 = AL BE|A SHEo] 4 B2 shte] A (Mode)2 Jul gk ol i stetulel st Anp
AT % SLeAol B ARS Ao L W, A A 22 0| X) § Atel ol 3700)
Ak Qs sfobet 4 9l th. Hlo]el7] AU ko7 Bo} BESL WA wA olehel Rule A1) 2o

e
SHAI0] §1&-2 UeR e, ol A1 71ke] Alo] AlA]lol 4 B2 el A EL ek

A AT R p(o | X) € 7H5AR gol BE B9 o 28 Aot HHL AU R 40| DAL AP
SH= oP 4 (Ensemble) 7] 7} 52U 1S A GuIek o|F 5o} A2 HAE dolelo] that %o Anye
FgAZ > s

14.4.1. Bayesian Inference

Bayesian Inference= parameter”} 7} = posterior distribution A& &-23f of| =5}+= ®H2lo|th. MLE
2} MAPI} Z+Ho] point estimateZ 4] AF4> parameter Zf2 o= 7S true value@}o] @ (A H o] £41)
7} ZA) gt} o]of whet full posterior distributiong Zro} Z-835H= -2 ¢ 75]13]'71] Al &ste dHol g0l

Ht}. &, o] R99] parameterE A E A7} oty random Varlablei Fgol= wajolt}

9| (Frequentist) EASLA A mel] WA 0 & el A g ngslel e AR g4
2 gk e, djo) = EASIE Hetle] S BSHI4S HES HE N 2 29

A Yol FEar) Mol metulelsl oW ke AFAAo] et BAANS o Buel AH o8 2
Lﬁqﬂﬁiﬂw 289 FAA setalE 0, = o] SE RXo|4 EEEE shhe] Avkgh(AE)eletn
gt

gole|Al X 9} parameter 8 & AJZF3R-S W, bayes’ theoremo] ]3] t}-21} o] posterior distribution-
Ao A 011;]—
—= T X I-

P(o|x) = LX) ();'?))(J; 6)

glo]ejAl X 2 S5 parameter 0 2] 3%, o]JH dlo|g] z of |5l s distributionS &3t inference=

o Be 402 Lepd & gk &4 HlolElAl X7t FolHe 1 A2 dlolel ol tiel plx | X)E
Aol 7ol B0

o]

o] FAolB=® O]E§7ﬂ ’G—J%E}'
of conditional probability®] A2]of Q3] p(x,0 | X) = p(x | 6, X)p(0 | X) o], 6 7} FoAH=S 0 =

[e)
‘I_

98




¢} X = conditional independentst2 2 p(x | 0,X) = p(z | 0) 7} AFstt & oS $AL BE J8HE
St parameter Y-S Z+ZF9] o|&7F2 G4l Aot} o] AL ZEojof S}= problemE optimization®] o}z
2 5o] H}.
e | X) = [ pla.6] X)do
— [ vla |06 | X)d8

1= posterior p(6 | X)o Tt likelihood p( | 0)9] 71NZHS AASHE A7} FASIE. hA] 2l BE

7155t parameter=-of tsl A, likelihoodE posterior2 7}=H st Ao 2 o5& 4= Q)
Eo~p(o1x)[p(T | 0)]
"Maximum likelihood = MAP F74-2 55t atatn| g 42 otatu| g 2] A5 point estimates 0* 5 F=51H,

l

Zojof shi A4 BAL 22 shelu o, 19}1—41 Hog, wojxet 222 @—5&3 250}, Eolof ot A
A= AEJYt} Point estimated AFESE of| 2 z_%a} Z]gt, wo] ] T Qlelg 0] =L e HH Bh=
Zojof eyt (8.23 A x). 2 Ho]X|¢t F 22 wetuE 4 WA= A +HA] o= AR A4
Eel, FAHHe) ANES Ael, 724 A4S Bdols 9 TS AT e, o] g
iz e 28 g o] Huts HlojE o a&2Ql of Aol A risk F7F B ROl et AR Al AHE] o] A
FEL 5 et

M

jil)d
1o
=)

14.4.2. Latent Variable Models

Latent Variable Model(FA] W4 29)2 gloje] A HAS o YA|H o2 Asl= latent variable

% Z7t2 = Yst mdojtt. latent variable2 ARE3| parametero]| A fjo]E & AASHE T2 AE AT
Qltt. Ho|E| & z, parameterS 6, latent variable2 z2 % 2|5HH th-23} ZH-E conditional probability S

oo =t

—= T .

p(z|z,0)

&3} Z+o] latent variable-2 11 25}o] R E 9] likelihoodE AAFEF 4= )t} o] & &-8-3f latent variable model
of A= MLE, MAPE -85} parameter §+<5 7} inferenceE & 4~ 111, bayesian inferencex 7}55}tt.

p(6) = / Pz, 0)p(z)dz

o] latent variableo] oSt marginalizationo] B @ 3}th= 247} 9J=4), conjugate priorE &-835}= HAL &
A LI5HH o]= Al4to] o AW AL o]Eafof gttt
e LAl o] A E & AFEF 9O 2 latent variableo] Tt posteriorT™ & 4= )T}. latent variable
= A3 BEE A= AT HolE Ao dFE A= ZEA] alo|B =, o] thgt posteriorE ol
WA ATE TOR 19919 9E $RE A02 2T & Ak of& ol dlolelo] 54, A7 Ha
(representation)& FAoH= 5] S WAL 4= 9

W

p(z|z)p(z)

p(ela) = P27

Oto

variational autoencoder 5o]|4 ©]® latent variable2 A}8-5t
gaussian mixture model S latent variable model 3% O]]H =
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14.5. Directed Graphical Models

14.5.1. Directed Graphical Models

Directed Graphical Models = Bayesian Networks+= ©] 2 random variable2 -+ = joint distribution
2 Q4B 5)5}e], ZF random varlable 7+9] conditional dependenceE directed acyclic graph® EAd= HF
HE2o|t} E3 p(x,y, 2) &9 joint distribution2 1 ZFA| 2 random variable 7] WAE BHAFZ Qg= EI
0] & directed graphical model=2 WYE}Y probability model-2 +#|3}6}F11, random variable 7F2] dependency
2 H71H0 2 el 2 gtk

directed graphical modelo]|A] Z} node(* 4 )+ random variableo] 17, edge(ﬂﬂ)t random variable 7F9]
probabilistic relation (&2 -\4—74])01 conditional probability & L]-E]-LHE]- edge’} §l= A9 & random vari-
able 7] conditional independenceZ} A Stct. of| & Eof, th-29] I& THAA a2} b AFo] 9] edge= p(bla)
=

2 uehdi

o]® joint distribution®] ot directed graphical model-S& Fo}l+= T4, 1) random variableEo] -2
= nodeE 18|13, 2) joint distributiong (‘)_—r‘—r‘OHO]' 5 directed hnk(arrow) 8] ZAolt}. oo ut
2t o] BA QlpEosttke] wet 11 Fx27F ek 4 Qo dE , ofefe] & -2 pla,b,e) =
p(c#a,b)p(b#a)p(a)2] directed graphical model2 Q1 742_3._ olsfjg —/',‘— 0113]-.

Tst o] Hitf] 42 E3) directed graphical model2 8 €] distribution2 92 4 Qth. A& 59, ofgf9

22 19 9] distribution2 p(x1, T2, 23, 24, x5) = p(x1)p(xs)p(z2 | 5)p(xs | 1, 22)p(xs | z2)OlT &2
S 72 Ao 2% Y 4 91|, Pa(X;)+ parent node S o|u|gtct.

N
P(Xy, Xa,...,Xn) = [[ P(Xi | Pa(Xy))
i=1

Figure 8.9
Examples of

directed graphical
models.

(a) Fully connected. (b) Not fully connected.

52 A
rlr ret

th-& 3} Z+o] plate notationg A& HHE-& LFEFH 4= 9131, deterministic parameter2] 79 92 18] 7]
o},

Figure 8.10
o— ﬁ Graphical models
for a repeated
@ Bernoulli

@ experiment.
n=1,...,N n=1,...,N
(a) Version with z,, explicit. (b) Version with (c) Hyperparameters o
plate notation. and 3 on the latent p.

14.5.2. d-Separation

non-intersection( 3 gro] §l= 74-9)2 node G A, B,CE AZslA}, d-Separatione o213 22 A%}

B|C¢] independency & ot W o]

A1l B|C
WEFe RASEL Ao|A BR Jh RE H2E dirccted graphical modelof A AW w, th F Shto]
ALEE nodor} PEFE A2} A Aoz pogT. RE A=} AuEgoid AL Bozyd

d-separateZ]thal 5}, £]9] 4412l independency”Z} A Hhct.
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o 729 3} E 7} nodeof| A head to tail T tail to tail ¥F=E5}, 1 nodeZ} C2] H$F U 2] node

o nodeo]| 4] M7} head to headE W5}, J1 nodeY node?] Zt=0] C Hglo]| 1= node
head-to-head= % 7] 9] node7} 5t}t2] FE = child nodeE 71 7]= & EHE 0] 2§t child node’} TZE] %]
or 0™ = pode= 1ndependento}lﬂr tail- to tail2 &= 7]19] nodeZ} SFte] 5= parent nodeE 712 = ]

2, 0|33t parent node’} TELE| X ¢ O ™H & node= dependentstct. head to—tail% 3t nodeo]| Al TF= node
&, 183 71 & nodex AZAE FEo|tt.

Example 8.9 (Conditional Independece)

b U dla,c (

all clb (8
(
(

9O 22 O RES FAC 0| S HTEH CSS Hobd £ QELICH

e

b A dlc
a llclbe

14.6. Model Selection

o Ao ol REl-& Aeist= 9o, RHO] parameter 7| F1F 2 Bl 1A O] 44T 1ok
22 AAstA] gt oA o AA Y dataseto] 2 7]9F BElo] BEAJo] H[GE 9ol test set| A= 2 4
T BY 4 Qlok olof wheh mdlS el 1 71 generalization 5= H7}sl= Zo] S 4 Qlrh. 2
Aol A= generalization 52 9] 7o}, Bl o] B4/ 3 Ho]E Ato]o] AbdS arejqt el A=of tjs) thEr-
ol A2 Occam’s Razor2% o|a|d 4 011:]-.

14.6.1. Cross-validation

1. Cross-validation

Hlole|Ale] 7|+ 1A E o] Qlal, ©]& training/validation/test set© &2 E—ﬂﬁﬁ Argsict ndle sh
Z] o] = training set2 F| U5t T 7| = A o] performanceo] -§2|5FA%, training seto] IA7|E 7]-$
validation set2] 7|7} Fo]50o] AYA o7 o|=0] noisysf| & 4 Urh ]Ei tradeoff= %&}0}—— st 7}
HHMH.2 Cross-validation(® 2} Z) o]t}. cross-validation-& EoH, E3] glo|gAl 37] 2Re AL nd
generalization 452 T robusts}A B71e 4 At

K-fold Cross-validation& t}-2 131} Zto] g|o|E|& K719 chunkz &
RZ, Y™ 2] st validation set V2 ZH8sh= 7|Ho|t}. ojnf L= Ryt V

o w
FN

Figure 8.4 K-fold .

cross-validation. Training ‘
The dataset is

divided into K =5 l
chunks, K — 1 of [

which serve as the
training set (blue)
and one as the Validation

validation set = -

(orange hatch).

k-fold cross-validatione 283+ 7% training data R0 2 H5A1A AL predictor (D7} ZZ= ) £
7} VoA Hol= A% Ro|gkil 5} (ex. root mean square error) o= E'_~ chunke] disl H+H+H S
expected generalization errorgl & 4= Qlt}. o] ko] £-x}& ¢l Sh&0] £ E]= A o] ofueh kifjo] =2 A
o B ZRAAE AT H 1 AST BB 0]t 3, ol o robusto Al A58 24sHe Holct.

'_|7
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K
Ev[R( Z V(k)

k:

cross-validation& computation®] @o| ™ Q sk 4= 9] X9k, embarrassingly parallel problem©] 2 2 computing
resourceRF ZEoJcH HH A 0 72 4385 4= Qlt}. Embarrassingly Parallel Problem-2 24| 2+¢-& o] & 7} 9]
5}l Ao r 2ok Uﬂ, O]-H A& 71o] data dependency©]t} communicationo] A& E= A9 " Q35}X]
e 2AE Fach
2. Nested Cross-validation
Nested Cross-validation2 training set¥} validation seto] tgh E2|Th-&
of A o Yo7} test seto]] gt B8] & F712 thF= 7 o]t} test setof Tt
seto] tfgt £2]E Inner Loopztal Sict.
o= th2 13} o] test set-2 E 2|3t T, validation set-2 E 2|3t} test set © 2= generalization 52

B 7}5}al, validation set © 2= R & AT} hyperparameter tuning-2 43§ $tct. A 26tH ofr2xf -8 114

So #FHc

1- ;ﬂiﬂ EﬂO] E1§ Kouter 7H9’] Chunki "E"ﬁe ]'—L-a Kouter 1_—’] H}E (OUter LOOp)E /\] ]-:?‘:11/‘":]-‘

2

2. o ¥rEatch 1709] ChunkE =5 Test Set 22 Ho]F11, A Koyrer — 1 7S] ChunkE

t}2 X k-fold cross-validation
£23]E Outer Loop, validation

AAl ot HlolH &2 AT

3. 94Xl o5 HIoTHE B Kinner 71€] Chunk2 285}o] Inner Loop & Al2Fgiy ot

4. 2175 2} spolwutatulg 2ol Hiol] Kinner W] 22 52 55t o= B HU -

5. 7MW A B4l 249 sto|uietny 2¢he =&Y

6. =& #H9| sto|nutu|eE 2-g3te], DA 2004 LU Kourer — 1 NS HA o5 HIoH
AAE ARt RS 19] AsksA YTt

7. 8t50] SmE ndlS oA 204 Bals)] £ Test Seto] QJste] AL 2| BE A& )

8. 91 W& vHESI] BE Kouter /19| Chunk?} F ¥4 Test Set o= A=A gyt

9. R FaE & EEH Kower N9 45 ARSS ¥ Hol s A=Y WHES] 2 F2]Q] Lubs}
det BF @2 (Standard Error)E %’r Shuct

14.6.2. Bayesian Model Selection

1. Bayesian Model Selection

Bayesian model selection FoZ Hlo|g] DEHIE o2 o8] T H A M,y,... Mg S 7P EFHOZ
BFg et mell-S 2= ot} bayes’ theoremo]] ]5HH o8 D7} Fol#S o, 22 M, 7} e posterior
probability+= ‘ﬂr J«L 2tk olo] tis MAPS A-&of 2o nd M*& A4S 4= Ut

p(D | My,)p(My,)
p(D)
M = argmax p(My | D)

p(My. | D) =

l:'._‘: rdo] el st5o0] SA AFH & uniform prior p(My) = +ollA, ZE Rdo| gt MAP estimate

2 model evidenceE Zﬂﬂ]g}o]-‘.: 2498 AHst= A} At} o & S0, th2 1P} o] y=0] evidence,
CU’JTO] 7Hse B HlolgAl Dl A& A o itk Hdo] A 4= = HlolEof| gt probability
9] g2 191d], parameter’} B2 E%‘% E]-OJ’BJ' giolg & AT &+ %__E evidencer= ZHF# © & tro}
A7 Ht}t. bayesian model selectionof| A= o]of wt2} SO tidl evidence’} =2 M2 AEHS}A ot o] &

automatic occam’s razor2 o|gl|&t 4= QI
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Figure 8.14
Bayesian inference
embodies Occam’s
razor. The
horizontal axis
describes the space
p(D| M) of all possible
datasets D. The
evidence (vertical
axis) evaluates how
well a model
p(D| M) predicts available
data. Since
p(D | M;) needs to
integrate to 1, we
< > D should choose the
C model with the
greatest evidence.

A
Evidence

2. Using Marginal Likelihood

o]uff likelihood”7} | @A AAE]=2] Lot 2}, oFA T2 ZA A ™ bayesiano]| A= R 2] parameterE 1174 H
& gho] obd random variable2 F|g7tth. oo whet {8kt 0 Bell M = {My,--- , Mg }7} &5t
a Parameter‘% 0x 2t SFAF. B ell3} parameter, BHlo] A4 Hlo]E Dof| tisiA= thao] A -7ttt

M, Np(M)7 0 Np(0 | Mk)7 D Np(D | Bk)

o]Z directed graphical model2 & Ve 4= %IE}.

@

9] £=A19] posterior p(Mk | D)= parametero] 9|52 ¢FE=tt. ElO] XA parameter 0,5 2= bayes’
theoreme THE} 23, o]o] Wt p(D | M)E $E 2 St o] A% parameter?} AE0] oo A
7] W 2o|t}. o]# independency~ d-separation® 2T 2+ ) 0]= marginal likelihood 2 o™
Ldo] s Ho|HAlE & A st=AE UEd Zolth

p(D | Ok, My)p(8y. | My)
p(D | My)

p(Ok | D, My) =

p(D | My) = / p(D | 64, Mi)p(By | My)d6,

1 THE bayesian inference p(z | X)+= 7|& o8& &85l 22 HolEE ASANL, o] likelihood=
dlol8 g mdlo] luht # o Z5l=AS Lkt

3. Bayes Factors

0121 o] e} Al DA S probability model My, MyS 1] 5He A%-& 2kstat. 224e] posterior®] v &

Aot gt 2t

i I:lo

p(D|M;)p(M)
p(My|D) oD) _ p(My) p(D|M,)
p(Ms[D) ~ HPIROE] ~ p(3y) p(DIMy)
N—_—— p N—— ——
posterior odds prior odds Bayes factor

posterior?] H]+= Posterior Oddszta! St prior?] H|= Prior Oddsztal ShH, prior belief(AFd H-2)0]
MoHT}h M- duty o] A5 sH=2]E YEerHT]. likelihood 2] H]+= Bayes Factorz}il 5}, MgEE]- M, 0]
DS ook} o Z o|ZsheA S ekt
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‘ THoF uniform priorgE AFME-SH= - prior odd:= 10| & 11, posterior odd= bayes factor@} Zropzlch.

15. Linear Regression

H Zlof| A+= linear regression FA| & Eojkt}t. ES] MLE, MAP, bayesian linear regression 5 2] ZHoj| 4] A m
Hrt Z31 2 bayesian linear regression2 R4 parametero] tjst ¢ =& £F9] 28 715514 SIEE, MLE
T= MAP oA IAst= A & ¢FE 2 5 AUtk

15.1. Linear Regression

15.1.1. Problem Formulation

Regression(3]9)-2 input z € RPZ t]-8-5)= function value f(z) € Roj W] H3}= function f& = AL
1 B2 o gt} o] ML, DL, classification 52] 4] ofojtjo]lz2 &2 Ftt £2 regression functione
ZF 06 2™ model selection, finding good parameter, overfitting 5-& 12 5fjof Ghct.

Lincar Regression(43 317)& 0|71 £7 Waie} 4 W 719 43 JU0AE nagshe el
Zoltt. &, Tl Hlolg &1 @AE F|A3lot= A9 linear function(hyperplane) f& 2= A<= 11
22402 st

linear regression®]| A+ function value(Z3}) f(z)2} AA] dlo]g 7+e] @} (error, noise)7} LAttt oo
wha} probabilistic approachS AF&6}a1, 1 likelihood function& th-&3} Zth x € RP= inputo]1, y € R
= noisy function value(target)o|tt. o]uf| noise] variancer= €1l QQchal 714 gt

p(ylz) = N(y|f(x),0?)

olmj o] x9} y2] function relationship& T3} Zro] HoH et ouff e ~ N(0,02)= i.i.d.(Z} Hlo]E <] error
of| th3f.) gaussian noise©|ct.

y=f(x)+e
&3} linear regressionof| A= TSt ZHo] parameter @ € RP7F A o2 ZAsithl 7HAS ) =, o =3k
f(2)2 4= ¥ 22 getolE 09 linear combination© 2 E @ H T} E #Fo A= £-2 parameter 05 2=
dlof HE?tet (0o 2= WO E fIof A=)
fl@)=a"0 =621+ -+ Opap
Z N9 x,, € RP 2} o]of tj-&-&]= observation/target y,, € RS Z3}F5H= training set D7} {(x1, 1), , (TN,

2} 5}, linear regression< T3} ZHo] A O] E T}, e0] gaussian noise®] B &, y= mean©] 2’ 0] 11 variance
7} 02¢1 gaussian distributiono] Et}. o]uf] ¢2= free model parameter”} obd A © 2 38}, optimization
< &0l parameter7} 21 o] % A4ttty

p(ylx,0) = N(y|z70,0%) <= y=xT0 +¢, e~ N(0,0%)

=5

rek

2t yie i # 9 yj, z;° t3l independentst2 = b3t o] Fd 4= Qlt.

p(Y|X76) :p(yla"'7yN|w17"'7wNa0)
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olo]l thgt graphical model-& T2} 2t}

Figure 9.1

(a) Dataset;

(b) possible solution
to the regression
problem.

Sede P

=1

o

-2 0

z

2 4

(a) Regression problem: observed noisy func-
tion values from which we wish to infer the
underlying function that generated the data.

(b) Regression solution: possible function
that could have generated the data (blue)
with indication of the measurement noise of

the function value at the corresponding in-
puts (orange distributions).

Figure 9.2 Linear
regression example.
(a) Example
functions that fall
into this category;
(b) training set;

(c) maximum
likelihood estimate.

20

a0><

—20
-10

10

> 0 -

et

M

0
£

+

—10

0 10

z

-10

0
£

10 -10

10

(a) Example functions (straight
lines) that can be described us-
ing the linear model in (9.4).

(b) Training set. (¢) Maximum likelihood esti-

mate.

o noise7} gaussiang L7 *AA ol el A WA 03} ¢ & Relo] BEEA) e UL EYH P
Bohsd MAET 24 wol 25| OB UET S AUtk 4 Te Gjo] G2, 4R EYel Fus
Rael WAl G 1 A WSS B3 Frlel Last] A BEe] Sadvt. tebd @4l A7)
2l ol 28 RUYT U /19 LIS Y RS SAKOR Y gl AT
"Ap I wpeto] ) (Free Model Parameter)= <52 Wellojut 714 st REo| A Apde] gro] 14 =2 ok,
Fol dlolH & Folf ehFEHAY FHEo|of of= HS4E ong ot
15.2. Parameter Estimation on Linear Regression
15.2.1. MLE
1. MLE
linear regressiono| A Ys}H= parameter Oy, € RPE 2= glo] MLES AFRS 4= Qit). =, th&a} Zo]
likelihoodS Z | 3}5}= optimization 24| = Y2+t 4~ 9ot
Oni, = argmaxp(Y'| X, 6)
olof sl optimizationS negative logE ¢ 483ttt o] ZF Hlo|HEL i.i.d.o|2E Z} probability 2]
gros ety 4 9ok,

—logp(Y'|X,0) ZIng Yn|Zn, 0)
n=1
yi= mean©| x! 0, variance’} 02¢] gaussian distributiono]| 22 A2|5tH th2} Atk ESE o] £A1S X
423)5H= 05 2= Ho]H R loss functiong AT 4=t olwf] X = [zy,...,zn]T € RVXP Y =
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[y17"' ayN]T S RNO]a' T:D'l-lq-

1
—logp(yn|Tn, 0) = @(yn — :I:TTLH)2 + const

1 N

0) = 50 2 =

- v -xe (Y—Xa)—iuy—xan2
20 202

oluff £(0)7} convex©] 22, gradient descentE o= thAl t}-2 J,} Zro| gradient® AAYskal 00] = 2] 9
O S A2 4 ook olm) X 9] rank7t D1 AL 7FAsHA X7 X 7} positive definiteo] 22 inverse matrix7}
ZAsoE gela 4 9.

L _ 4
0 ~ 6
= 2%% (¥Ty -2v"x6+6" X X0)
(o
%(—YTX +0'X"X)eR>P
g

(202 (Y — X6) (Y—XB))

d
£ =0 —= 0, X X=9y"X

— 0, =Y ' X(X"X)!
— O =(X"X)'XTY

2. MLE as Orthogonal Projection
oFA th2 Z A 9 linear regression model-2 y = 70 + €9} Zo] Ao|x] 17, MLEZ 2F2 X4 9] parameter=
Onr = (X" X) 1 X TY ot} o] parameter® A3 noise’} L= | Z3t §= E]-—J} Zrct

=X0y,=XX"X)'X"Y

=, MLEoﬂ 9l&}| 2H& parameter®2 U= prediction2 X7} AJASH= column spaceo]] Y-S orthogonal pro-
jectiongt A} Zct.

ojuff FoflA thE A ¢ feature matrixE AF&ot= 7 X T4l @2 o] 750t} T3t feature matrix
7} orthonormaldt 2% &7 y= o] 7hghs] Uepd 4= Q)

FAAE the 21 2ol overfistingo] WA 4 9lct.
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4 +  Training data rt 4 Training data 1 4 Training data Flg'ure 9.5

— MiE — e — MLE Maximum
2 + + 2 + e

+ 4 - likelihood fits for
PO S S P + i R .
! e ! ; ’ pr different polynomial
: : 2 degrees M.
4 4 "

e (N R i ' i
B o
(@QM=0 byM=1 @©@M=3

4 + T g data 4 +  Training data 4 +  Training data

— MiE — Mg — MLE

+ 2 + 2
‘\/—\7// 0 7 -0
2 -2 -
4 ” -
e B N T e i
E
@ M=4 @ M=6 HOM=9

15.2.2. MLE with Features

or A 2 MLEO| A= H|o]EE linear function® 2 o Z6}A|4H AA| 2= linear functionTr o 2 H|o|HE
Z135] o =512 Y 4= 9Jt}. linear regression2 parameter?] linearity?h-2 11 &SRR, tf-21} ZHo] o
3} non-linear transformation ¢ : RP — RE-& £=3J3F 5] 0¢} linear combinationsh= 71 © & non-linearity
=
=

K-1
py|2,0) =Ny | ¢ (2)0,0°) <= y=0 (@)0+e= Y Opor(z)+e
k=0

ol ¢y, : RP — RL feature vector ¢2] kA component2, th&-3} Zro] A o=},

po(x)
)

br1(2)

training input z,, € RP2} target y, € R7F £A& o, non-linear function ¢5 T-&3f A 2= matrixs
Feature Matrix F= Design Matrix2}1l 5}, o] th-21}t 2t} ¢7F Y& Hlolgl & 2L feature space
= mappingsh= A2 A2 2 olsfd 4 et

T(y ¢o(x1) - Pr_1(z1)
. ¢ ( v _ do(x2) - Pr_1(x2) c RVXK
T/ : ;
¢ (@) do(rn) - dr-1(TN)
FAHO R s X7 02 L= Ao R o|5fe 4~ 91 0B 2 negative log likelihood& 23} -2
FAo 2 e 4 914, v FESH UEHE 4 ot IR E O @9] rankZt K wff o2
Jreba % ook

1
—logp(Y | X,0) = @(y — ®0) " (y — ®H) + const

Ovr, = (@' @) 10Ty
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4 4 +  Training data
—— MLE
2 =F 2 P
> o]+ + + T+ 4 =0 \'\j/Jr\j
+
) T+ =)
—4 —4
—4 =) 0 D! 4 —4 = 0 2 4
x T
(a) Regression dataset. (b) Polynomial of degree 4 determined by max-

imum likelihood estimation.

oA & =01, 22} tF3A] o tf§t feature matrix= tF2-3F 2t

2
1 =y oy

15.2.3. Estimating Noise Variance

A 27} 2] = noise variance 022 &1 Qo1 7FA =), parameter’} T H o]F g20] gt MLES &5
7 38 5 Q) o] parameters 7+ w]o} S AT Alof] i) o2& differentiatedt T, 091 2| H
é‘l 3@ .

SjEeN
=

N
log p(V|X,0,0%) = " log N (ya|¢" (x,)6, 0%)

n=1

Il
[~]=
/T\
I
o}
PER
)
3
S~—
|
I
5}
o
q
N
[\V]
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N
3
-
4'
8
3
N—
D
SN—
[ V)
N———

I
|
o}
o
Q
o
|
1
=
—
<
3
|
©-
_|
—~
8
3
D
S—
_|_
Q
o
B
0
=3

Ologp(V|¥,6,0) N 1
do? 202 2047

Z, variance o2= &3} Zro] noise-free¢l function value®t 10f th-2 5= v, 7F] squared distanceo] gt
empirical mean ]E]- Z, MSE(Mean Squared Error)o]t}.

s 1 N
Ul%/[L—* Nz 9)2

n=1

15.2.4. Quality of Linear Regression Model

linear regressionof| A MLEES 53| 9= R4 9] quality= th23} o] 9FA]l T negative log likelihood 2]
= ol o 4 3l
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1
= —|ly— X0
£(60) = 5 5llv— X6|

AA| Brto| A= 025 AQ5HT th2i -8 RMSE(Root Mean Square Error)E A5 24 2] quality
£ grlsteh. =, MSE] rootE #-& Aot} 2% free model parameter”} ofH 11, T A7} A58 2

Al IRt Stet.
1 N
\ !l — @01 = }j — ¢ (2n)0)2

15.2.5. MAP

MAPE A-£3] MLEO| A 9] overfitting A4S &3} 4~ ot =, priorE 113 3] posteriord]] t gt optimiza-
tion problem< &t} =410 2 VebH o} 2.

—logp(8]X,Y) = —logp(Y| X, 0) — log p(6) + const
Oniap = arg min{—log p(Y| X, 8) —logp(6)}

parameter 6°f gt conjugate gaussian priorE p(0) = N(0,%I)2}1 hH o}2x} Zro] 4418 ZpAJSH
ATt wpR[EE F0] pA oA o 4= Q1o MAPOﬂ o)o) #7}E)e e regularizationg =2 tc}. mpx] 2}
FAo| A AMA &2 Data-fit Term E= Misfit Termo]2tal ta, FHA &2 Regularizergtil 5},
Regularization Parametergtal gt

_ 1 _ T T
—logp(0|X,Y) = 552 (y—®0)' (y — ®0) + sz@ 0 + const
_ L e T T
L£(6) = 5,2 (y—®0)' (y — ®0) + sz 0'6
2,
~ lly—®0I + 501

= |ly — ®0|]” + All6]|3

o] £ differentiates}al 03 Zthil FHA & 4 Qth

dlogp(0|X,Y) 1 1 - .
T = 0T ey <I>)+b20
-1
Oriap = <<I>T<I> + bzI) o'y
4 4 +  Training data
—— MLE
2 =F 2 MAP
> 0 ——/\J—\/JF/N J = ol 1 = |
N /4
—9{[ + Training data -9 T~
—— MLE
4 MAP 4
—4 =5 0 2 4 —4 = 0 D 4
(a) Polynomials of degree 6. (b) Polynomials of degree 8.
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15.3. Bayesian Linear Regression

15.3.1. Bayesian Linear Regression

1. Bayesian Linear Regression

Bayesian Linear Regressiono]| 4]+ linear regression-2 bayesian inferenceZ 323ttt =, MLEQ} MAP
I} Z¥o] point estimateE AAHSH= Al parametero] tgt AA| posterior distributione I &#3l1, R
7HsA Q1= parametero]] et Hwt2 AlAbST).

olwf prior®} likelihood& t}-&-3} Zrctal 714 gt

p(y | 2,0) =Ny | o' (2)0,0%)

2. Prior Prediction

514 vol B8 22517] ol priorth& A9 predictions A £, o] 29 T3k e 54102 prediction
o Tt distribution® & & ek a8y HlojEe] gl M2 HOlHolL, g, = ¢ (2.0 + ek 1

ol 2 ko]t

m%\w>=/¢@AxM@mmw

ol likelihood?} prior7} 25 gaussian©] 22 prediction Tt gaussiano|t}. o]uf th-23} o] mean?] lin-
earity @} varianceo] tsl] V[Az] = AV|[x ]AT7]- YAt A, 09} 0] A2 independentsith= M-S 8-
mean¥} varianceE 78 4= 9t} o]nf o2 noiseo] 2]t 3FO 2, noise-free function valueE QoW st
S} Wl gaussian distributiong &-25HH %E} o|E A & gaussian distributiono] gt F2o] HEL meand}
varianceQh-g o= Ao 2 e 4~ Q129 §o|5FAf. TS o]uf covariance matrixE AFESHA] S AL 4,
7} scalaro] 7] wjZolet= Ak A7|5HA}

Ely] = Ep[¢" ()0 + €] = ¢ (2.)E[0] + E[¢]
Vlys] = Voo (2:)8 + €] = VoloT (2.)6] + Vele]

olmf Ely.]= z.7F FoI = MR R, Ely. | z.]ot 22 ALz osfd & Ut

P(Ys | 7e) = J\f(qST(x*)mO, ¢T($*)SO¢(‘%'*) + 02)

3. Posterior Distribution/Prediction
HlolE Al x, € RP&F th-g5= y,0l n=1,---, Nol| tell F0]%1-& W], bayes’ theoreme]l oJsf th-} o]
posterior& & 4= )th.

p(V|X,0)p(0)

PO = )
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o|u] posterior+= gaussian©]il, th-23} Z+HS meand} varianceS 7}HITh

WAE BV,

p(0X,Y) = N(0|my,Sy)
Sy =(Sgt+o02@ @)

my = SN(Salmo + U_2¢'Ty)

o] posteriors &-8a)| 4], tr21} ZHo] prediction?] distribution2
2eb2]| 11 priorof| A eF 42 &

Dy X,V %) = / Dy, O)p(6]X, V)d0

AL 4 9t} =, mean_ﬂ} variance®F
Z=A 8 ZFolgie), upR kR 2 o2 -2 W™ noise-free function valueE 92 4= Qlth

= /N(y*|¢T(x*)e,02)N(e|mN,SN)de
= N(yl¢" (x)my, ¢ (x.)Sno(x.) + 0°)

4 4
2 2
+ +
S 0*“?““‘"#_\4‘\ >0
+  Training data N £
_9l — MLE ) )
—— MAP
—4 BLR —4
—4 -2 0 2 4 —4 -2 0 2 4

T T

(a) Posterior distribution for polynomials of degree M = 3 (left) and samples from the pos-
terior over functions (right).

4
2 |
- n ; /
+  Training data \ /
—2{ — MLE
—— MAP
—4 BLR
—4 -2 0 2 4

T

(b) Posterior distribution for polynomials of degree M = 5 (left) and samples from the

posterior over functions (right).

4 | + Traningdtg
| —| ML

21 ——| MAP
| Rl | BL

> 01 |

) -

—4
—4 -2 0 2 4

x

(c) Posterior distribution for polynomials of degree M = 7 (left) and samples from the pos-
terior over functions (right).

15.3.2. Computing the Marginal Likelihood of Linear Regression

Figure 9.11
Bayesian linear
regression. Left
panels: Shaded
areas indicate the
67% (dark gray)
and 95% (light
gray) predictive
confidence bounds.
The mean of the
Bayesian linear
regression model
coincides with the
MAP estimate. The
predictive
uncertainty is the
sum of the noise
term and the
posterior parameter
uncertainty, which
depends on the
location of the test
input. Right panels:
sampled functions
from the posterior
distribution.

= O

bayesian model selection 5-& 112SFH marginal likelihoodE
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likelihood= o237} Zt}. multivariate0] 22 covarianceE AFE5l= A 79514}
p12) = [ p(V1.Op(6)d8
= /N(y|X0, a?’IN(8lmy, Sy)dO

oluff 02} p(yn|xy, )= gaussian distributiono] 17, -3} Ztt. oo whet marginal likelihood E St gaussian
oIt

0 ~ N(my, So)
Yn|Tn, 0 ~ N(z, 0,05%)
o]of w2} meany} covarianceS F6HH ThE3t Zth o 7]of M & independence”} 8% ¢l T}

E[V|X] = Eo.[X6 + €] = XEo[0] = Xmy

Cov[Y|X] = Cove o [XO + €] = Covg[ X 0] + o1
= XCovg[0] X" + 02T = XS X" + 021

2] 5 gaussian distribution th-2-3} Ztt.

p(V|X) = N(y| Xmo, XS X " +0°I)

16. Dimensionality Reduction with PCA

high dimensional datax= 71 ZH4| = 457 A|Z}9sh7] oL, A 2|sh= Hlof H]-§o] Bo] 5™, redundancy

7} EA5tct. o]of wEt dimensionality reduction& A-85F 4= @t E Ao A= linear dimensionality reduction

7149l PCAS] djall A th.

16.1. Dimensionality Reduction with PCA

16.1.1. Problem Formulation

PCA(Principal Component Analysis, FAE BA)= 172199 HolHE AE £48 FA4A5I51HA
24900 2 Fo|t 7Ho]ct.

empirical mean©] 00|17 i.i.d.¢] Ho]|HAlS YEHE= matrix X = [x1, - ,xzn]0] ST ], PCAA=
glolE] x,, € RP] th5f| lower dimensionalityS 7}2]% projection &, € RPE 2H= ZA& B o 2 st} &,
L xE& projectiondto] AFAITH Ao 2 x9F 5 USH dimensionS 7}A] X subspaceo]] £A5}= vectoro]tt.

ojtf X+ mean©] 001, ofo] wtet variance7} thE o] 7 o] Ert.

1 & 1
— T _ T
S = nE:1wnwn = NXX

zZp= low dimensiong 7}A= vectorz, ol Zro] HolEith B € RP*ME= column©| orthonormaldh
projection matrixo|th. &,+= 2,2 reconstructdt A0 2 o] 4= 9t
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z, =BTz,

= z,= &3 2t} =, BT encoder, BX= decoderZ o]s|at 4= 9lth.

x, = Bz,
Original Reconstructed
D D
R Compressed R
IR,M

r — z —

16.1.2. Key Steps of PCA in Practice

oA 28T W8s< 2L AT, PCAE AA2 53StE processe Ha1 2Tt

1. Mean Subtraction: HJo]EJAl 9] empirical mean pE F$t 5§, 2+ Ho]HE 2 WA meanS 002 U

o}.

2. Standardization: dimension d = 1,---,D ®HZ standard deviation o4& St FH, ZF dlo|g 9] Z+
dimensiong o¢2 W variances 12 2ttt

3. Eigen Decomposition of Covariance Matrix: H|0]EJA 9] covariance matrixe F§F ] S| matrix
9] eigen value/vectorg gt} covariance matrix+—= symmetrico] 22, spectral theoremo]| o]3f 4}
ONBE L& 4= Qlt}. o] % eigen valueZ} £ AF$] eigen vectorE<2 normalized]] subspace ONBE TH=
T, o] ONBE column® 2 3}= matrix BE FAJ Stk

4. Projection: BE 2H8-3] tr21} Zro] glo]E & &4 o] 7 AL low-dimensonality subspaceZ projec-
tione 4~ QJt}.
#n,=BB'z,, z,=B'z,

ol 71& d|o|E 9] original data space®] vector’} B Q3}IcHH o231} ZHo] mean subtraction, stan-
dardizationg Hit =2 4rsict.

(d) ( z(d)

Ty, n 0d+ td
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e p

Figure 10.11 Steps
of PCA. (a) Original

dataset;
o 2D es (b) centering;
= . ..
0.0 . () divide by. .
% standard deviation;
—25 o s

(d) eigendecomposi-

(b) Step 1: Centering by sub-
tracting the mean from each
data point.

(a) Original dataset.

B tion; (e) projection;
() mapping back to

(c) Step 2: Dividing by the original data space.

standard deviation to make
the data unit free. Data has
variance 1 along each axis.

(e) Step 4: Project data onto
the principal subspace.

(d) Step 3: Compute eigenval-
ues and eigenvectors (arrows)
of the data covariance matrix
(ellipse).

(f) Undo the standardization
and move projected data back
into the original data space
from (a).

16.2. Maximum Variance Perspective

16.2.1. Maximum Variance Perspective

PCAY M= tf2 1383} Zo] EA dimensionality 2]

A5E dimensiong A A AL

3

tlolE distributiono] o] AL ofof] Alebd 4= Q1a1, 25| A AGHHA
distributiono] 8-z]=t}. o]o] wet PCAo| A= d o] 2] low-dimensional representation®] varianceS Z|tj]
& ol A& HH o= gty 29| variance= o0 1A= o] Q131, Bof O3t 29| varianceZ} 7} k=
St} o] variance= meano] QJ3FS HEx] &0 B 2 mean R5F 022 7}1A S

H O o}
= =

AR . o] ™ol =

2~ ol o
M Al/\o]v ?l-’l:

Figure 10.1

Tllustration:
dimensionality
reduction. (a) The
original dataset
does not vary much
along the xo

direction. (b) The
data from (a) can be
represented using
the x;-coordinate
alone with nearly no
loss.

0.0 2.5

T

=5.0 =25 5.0 —5.0

(a) Dataset with z; and =2 coordinates.

matrix©] Tt

N

Vi

1 1
=Vlzi] = szlzn =N
n=1

n=

A

b5

[
=

ot b,2] normo] HAAWA variance?] F7|E W
conditioned optimization problemo] T t}.
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(b;—xn)z
1

NOEZ ||by]

0.0 5.0

a3l

2.5

(b) Compressed dataset where only the z; coor-
dinate is relevant.

Z’L’I’L% an’] ZHJZZH %—é\—‘j’}—]——’- 6]'—]_—’- BQ’] COlumH% bzﬂ'—ﬂ 6}%7 Zn = BTwnO]—E-E Zin = b;TwnO] ﬁ%@-q
E4t &, = bybl 0] JATE. o|o] Tt 2,0 Bk variancel ThE} 2T} o] S X ol gt covariance

N
1
b, v ;wnwl— b, = b}, Sb;,

12 ot &, ol v &

rr
flo




max b, Sby,
by

subject to ||by||? =
lagrange multiplier method S Z-835hH o} 2t}

L(by, M) = by, Sby + A\ (1 — by, by)

o]E b, ol tl3} partial differentiatedl] 091 2]-H-2 O™ Sby = A\ bp©] Hth. &, varianceE Y& 5=
b, covarance matrix S2] eigen vectoro]il, lagrange multiplier )\, eigen valueo|t}. T3t o] &
&-2.35] varianceE AF26HH V), = bz Sby, = )\kbgbk = \; 2.2, variance:= eigen value$} Zt}.

o|of wet, low-dimensional representation®] varianceS | t3}st7] YafA= Y= d o] 2] covariance ma-
trix7} 7FA= 7FF £ eigen valuego] TSt eigen vector® basisE F-A oHO]Z Stct o]uf 9] eigen vectorE
Principal Component(FA-E)2t1 Stct. ojuf] 74 2 eigen valueE 712+ ZHH first principal com-
ponent”} F T},

M7)|9] 92 principal componentS AF&5}= A -$ variance Vi, ¥ &4 )= variance lost Jy 2 TF2-3 2t

M D
VM:Z)‘ma Ju = Z Aj=Vp—Vuy
m=1 J=MA1

16.2.2. M-dimensional Subspace with Maximal Variance

covariance matrix S2HE m-17]9] 2t& principal componet& —%%?Jiﬂ- 5}A}. 8% symmetrict2 2
ONBZ 9-& 4 91, dimension®] m — 1¢] subspace U ¢ RPE 75 4= Qlth Hlo]EHE columnl 2
7}A = matrix X = [z, , x| € RPXNoj| s m — 17H_4 principal componentE 1183f] Y=EA] L
AR a Y71 matrixES th23} Zro] A& 4= 9lth. o|u| B,,_i= ONB¢l by, - -, b,,,_1°] spand}= subspaceZ
projectiond}= projection matrixo|th(P? = P, PT = P7} A &3ith.).

m—1
X=X-> bb/X=X-Bn X

i=1

o] X o 3} covariance matrix S7} 712 71 2 eigen valued]] S5 eigen vectorS X of that mHA A
principal componentZ2 & 4= QIt}. o= SS9} S9] eigen vectorZ} Zth= AR o] Z1HEGHCH eigen value g2
27) elth.). ol o 2ol $b,2 AAH 2w 5 ek,

A 1
§=
=95- SBm—l - Bm—IS + Bm—lsBm—l

X —Bn X)X =B, X)"

i>mo AL, B_1b; = 00|22 3] B Sb; = Sb; = \;b;7} A LA eigen value} eigen vector”}
= 2} < mQl A B,,_1°] projection matrix®| 22 B,,_1b; = b;7} A3, AalstH Sb; = 07} 5o
eigen value= A2 ZHZ] 1(“1—_]__7_(5’: eigen valueZ} 0), eigen vector= Z&

olo]| wrat m — 1A 7}A] principal componentS —7—9&2@, 71 the prinical component2= §9] 7} =
eigen valueE 7}A|+= eigen vectorg AT 4= Qlt}, o]l AEl 9] WAL HHESH= o2 PCAE 3T &
o]r%

ATt

Z11 2, SVDE A3 covariance matrix S9| eigen value®} eigen vector® L8 4= Qlth. X = UXV "2} 5hd
covariacne matrix+—= th-23} Zt},
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1 1 1
S=—XXT==-Uxv'vy'uT==—uxx'u’
N N N

1719 U2 column vector?l ONBE 3l E™H l|td column vector5©] eigen vector?l 22 <& 4= 11, ojuf
eigen valuer= Th-2-1} Ztt.

Q
[SHN

Aa =24

16.3. Projection Perspective

16.3.1. Projection Perspective

1. Projection Perspective

dolElAl X = {z1,---,zn}, @ € RPLE RPS] ONB {by,--- ,bp}E AZ5kA}; ol7]oA o] TAAE XE
dim(U) = M < DSl RP 9] lower-dimenional subspace U= projectiondli= %] €] linear projectiong =
Zolt}. o|uj o] UE Principal Subspaceztil Sttt. principal subspace Uo]| £A5l= AL x,2 projection
gt dimension©] D?l vector &,,0]1L, 2z, ©| vector®]] thgt dimension©] M ¢l coordinateo]tH{(L}H 2] FE.&
0). Z, Th&3} 20| UER & Ik, oft] 2, 2,9 m#A §1:01.

M
Z, = Z Zmnbm = Bz, € RP
m=1

Z average reconstruction errorQl x, ¢} &, AFe]9] distanceE XA S}st= 2,2} principal componentE ZH=
o =]
Ae BA02 g

=

1 N
Ju = N;Hwn — &,

2. Finding Coordinate
RP 2] ONB % M7|& A matrix B = [by,--- , by S 2612} BBT= projection matrix©] 1, &,=
o7t Zo] x,& BB projectiondt Zlojct.

z, =BTz,

z,=BB'B)'BTz, = BBz,

Ol= Jyus 2,9 H3} partial differentiated}= A2 ZHe 4= Qltt. distance?] FE£ZEL derivate”} 00]
He A& Fod Ho.
1 Y 1 &
Iy = ~ Z($" —Bz,) (x, — Bz,) = N Z(azlmn — 2z Bz, + 2B Bz,)
n=1 n=1
oJu 1 T T
=—(-2B x, +2B Bz,) =
o2, N( x, + zp) =0

z,=(B'B)"'B'z,, #,=B(B'B)"'B'z,=BB'z,

3. Finding Basis of Principal Subspace
Z]A 9] linear projectione Z+7] 93} 4]= principal subspace®] ONBE X4 Zlotof gict, o]& 5f oA
U 205 &85l Jue ARIsiEAL ONB 5 Bofl AR8’t D7 9] basisE A| 2]t HHA] D — M 71 €] basis
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brrst,...,bpe column® 2 st= matrix C € RPX(P-MZE B7tsizt. Y& d|olg @,3} projection© 2
dlmenslonahtyE Z0l glo]g &, 7t9] Aol th-&ut Zo) prln(npal subspace?] orthogonal complement(Z]
457H 9] vectoro|t}.

z, — &, =CC 'z,

A 2obd norm-2 th-Z3} Zrt.

|z, —&,)° = (CcC x,)" (CCTx,) =2, CC x,

0
i
o

ol Jue B o Ut o ‘trace trick’¥} Sb; = \;b; U= &8

N N
1 T T, _ 1 T To) = T
JM—N;mnCC .’Bn—ﬁnzz:ltr(c mnmnC)—tr(C SC)
D D
DL oY
j=M+1 j=M+1

= B o] 9] covariance matrix7} 7}A] = eigen value % 7} Zho] & AEQ eigen vectors
Z ONBE FAdoF JyS F43He 4 Q). ©]+= maximum variance perspectiveo]| 42| A=23} €43
Fdafe.

[e)

Olr

Q]
=

Figure 10.7 2.5 2.5
Simplified
projection setting. 2.0 X 2.0 )(
(a) A vector € R2
(red cross) shall be 15 1.5
projected onto a
one-dimensional 210 g 10
subspace U C R?
spanned by b. (b) 0.5 0.5
shows the difference b b
vectors between = 0.0 0.0
and some

candidates &. 05 05
210 —05 00 05 10 15 20 Z1L0 -05 00 05 10 15 20
) o

(a) Setting. (b) Differences @ — &; for 50 different &; are
shown by the red lines.

"Trace Trick’]| —4—5]' Azbe} Zh(1x1 Y )L 247] #FA 9] T2+ (Trace, tr) T 2o ™, Trace St A= & F9]
A5 A E = sy (1(ABC) = tr(CAB))."

16.3.2. Practical Approaches on Calculating Eigen Value/Vectors

1. Power Iteration

eigen value/vectors 47| ]3] characteristic polynomial-& Zo]A] A4t Z1-2 39 polynomial @] degree
7} 5 ol/fold ohi= Aol E7FsalXth Tt 2 I e FE2 11 gho] 7Y & eigen valuego| B &,
o|F7| BE eigen values HL5l= A2 H]ﬁ A o|t}t. o]of whet iterative process= E3f 714 Zho] 2 eigen
valueRt FL6H= 7|HEo0| EA5l=4], :l % Power Iterationo]|A]+= matrix Sof T3} 7} & eigen value
ShRS Fettt. null space®] vectorZ} obd vector zo=FH A|Zel, o3 &2 AlS HHE A LS E A
714 £ eigen valueE 7} = eigen vectoro] 43 stttal gt

Sil:k

= — kzol...
T S T

2. PCA in High-dimensions
AA 2 glo]e 2] dimension D7} =& 79, D x D matrixQ] convariance matrix®] o3} eigen value/vector
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£ k= A9 overhead?} At o]o whet glo]H o] 74 NHt} dimension D7} B4 & 7 -9-ofl=, th2t
Z+o] covariance matrix= W5t ¢, = X 15, 22 T N x N matrixo]] t]3] eigen value/vector~ 1
2 o]r,]-

T 3

1
Sbm = NXXTbm = )\mbm

L T T T L T
—X X(X = X —X'Xe,, =
N ( bm) )‘m( bm>7 N Cm )\mcm

WA o= latent variable perspectivel A S}A|HF A 8l5FA] ¢Forch.

17. Density Estimation with (Gaussian Mix-
ture Models

dlo]E] 9] k& 1 AHA| 2 g do]Ef ol TSt representation © 2 AFg5H= -2 straightforward S22k, gl o] EjAlo]
7‘1 Z] ™ overhead7]- 7% Z] Eﬂ ]Ell_/] E /\é g T":_‘—/_\j ”‘]—7] ] A A ”5‘]—1] OPE} H ;g' ]/\1 L Eﬂ ]E1 = gaussian distribution
T} 28 probability dlstrlbumon_,] density2 EHst= UL dolEr) o] Ho]EE EA density2 EE5H=
2L Den51ty Estimationo]2}1l gtc}.

17.1. Gaussian Mixture Models

17.1.1. Gaussian Mixture Models

Mixture Model2 th2 A1} ZFo] o] distribution© 2 A% Rdo|tt. o]y pp= gaussiani} ZH
basic distribution©] 1l Z} distribution2 Mixture ComponentzZtil Sttt 7= Mixture Weight©]T}.

basic distribution©] gaussainQl mixture model-Z Gaussian Mixture Model(GMM)O]E]-_L shal, oh2t
Zro] A=t o|dff 0= REo] 71R]= RLE parameter?] A0 R, 0 = {p;,, Xk, mp : k=1,..., K}3} Zr}.

p(z|0) = Zﬂ'k/\/ x|py, Xk)

k=1

GMM-=L 1 parameter’} 7}A]= likelihoodE FH U2 sl= ZAS R SHEAIA 4~ Q1, o] AL A linear
regression¥} PCAo|| A gt A3} 720] closed form solution2 & 4 gloe B2 EM algorithmﬂ- e jterative
operationg -9ttt

o237 Zo] GMM2 @ gaussian distributiont] H|3] ] &2 T 2-& 7FXIch
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Figure 11.2 0.30
Gaussian mixture

model. The 0.25 —== Component 3
Gaussian mixture —— GMM density
distribution (black)
is composed of a
convex combination
of Gaussian
distributions and is
more expressive 0.05
than any individual

component. Dashed 0.00
lines represent the ) ) 0 5 1 6 3
weighted Gaussian x

components.

—== Component 1
Component 2

mixture model 2] A Jo| A AFRE AXHH, o]FA| go] 10]11 ZF 7152 7F 247} obd 232 Convex Combination

SESE=

17.2. Parameter Learning with MLE
17.2.1. Responsibity

FTEA X = (@1 - an}o FOARE 0

Ho| BAlo|t}t. 51| o2 o] lo og
< differentiatedfA] 021 2] A& ko
o = Qo (AA|Z differentiated]] B

, olofl T35t good approximation?! distributiong GMM-2 &-&-3|
likelihood & ZHAJ5HH o231 o], @ gaussian distribution
T 29k, o]Z A log UjHo TlAo] ZASFH closed form solution
FAlo] FY =2 ed=tt.).

N

EzZlogp(:cnw Zlongk/\/ Ty Bi)
n=1

n=1

o]o]] w2} closed form solutiong HF= SL5}= t)Al, iterative approachQl EM algorithm-2 AFR3| %% 9]
parameterS 2=t} = Th= parameters-< @oﬂ =11 St Hof 511t9] parametert updateSttt.

o] $Isl K712] ZF mixture component©]] "41@ Sponsibilityg haap go] Aottt glolHAlS] o
glole x,ofl thdl] v, = [rp1, - -, rak ]S BEE 01_1_’_, 7,2 probability vector®|th. =, responsibility= &
glo] 10]11 Xt IAY & ZholB g probablhtyO] x,,©] kA mixture componento] 2]} A& -2
probability S LERATE.

ﬂ-k'/\/'(wn“]’ka Ek)
S TN (@, E)

Tnk =

responsibilityg -83] mean, covariance, mixture weight Z+Z+2 update® 4= ¢Jt}. model parameter&
updatedt @] £=2]of| responsibility7} 2% ZA5l=d]|, ol wat 1 differentiate-2 W= closed form
solution< Oéii_’ T gloloh A o, ,Uk = f(pk,...)eF &ol Fotazt stz W47F I @3 FEo
% Ueha, 01 A oA e Ho|vt EXte S & o Il i FE-2 responsibility 2 & o] 5}
AaststE Ao 2 (g gt HE-2 114) closed form solutiong ZFE 2 3l Z o] of 7o 4 2] parameter
update?] siA]o]ct.

17.2.2. Parameter Learning with MLE

1. Updating the Means

mean®] gt updatet= Th3 4] 0.2 4= 4= Q. o] Ny = kR4 mixture componetﬂ A o]l Al
&l 7}A|= responsiblity 2] Zgtolt}. =, o] thd HF7HS AASH= 7| £ 9] HHAlaFE 2] responsibility

Z1dto 2 7} g8 4951, Z+ mlxture componentZ} 7}A] = respon51b1hty(11kehhood) AHPA 7E
9] meang o]-5AlZlt}.
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N (|3, o)

—— GMM density

(@) GMM density and individual components (b) GMM density and individual components
prior to updating the mean values. after updating the mean values.

o= theit Zro] =1 7i5sith 41 A distributiono]] 3l partial differnetiates}il, o]% logE #-&
38 Slaa.

-

ﬁizalogp x,|0) i 1 Op(x,|0)
aﬂk —_ aﬂk el p :Bn|9 6“k

3]0 -'Bn‘a iﬂ' :ICn|I1']7 ) _ FkaN(xn|Hk72k)
8/“’]@ j=1 g 8IJ’I€

= k(@ — Nk)TE N (@ gy, i)

oL Z 0logp(x,|0) f: 1 Op(x,|0)

Oy, 1 Opy, el p(xn|0)  Opy
iv: si—1 TN (@b, Bi)
X,
n=1 Zf:1 WjN(ﬂ?nluy %))
=Tnk

0|9} 70| responsibility® Ar43S}6H St derivateo] 00] E+= ZH-E closed form solution® & H& 4=

At =, a3 Zol AR

N N roox 1 N
new new Z =1"nk®n
E Tnk®Ln = § Tnk by — My = nN = E TnkTn

2. Updating the Covariances

[oA = v 2 o) T Btk AL
ol 7)1Z9] B]'/‘]J:{'L ‘;}E] resp0n51b1hty Z|Hto 2 715 W& 494513, ZF mixture componentZ} 7} =
responsibility(likelihood)E 11834 7]& 9] covarianced ©|5A|ZIt}. O]IIH ot Npy= b A oot At
2t
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0.30

—— GMM deunsity 0.25
_0.20
S0.15

0.10

(a) GMM density and individual components (b) GMM density and individual components
prior to updating the variances. after updating the variances.

ol th-&3 2ol 51 7Hs3lTh. meano] A9} SAF WAo|ct. 941 differentiatest Th 7k 2.

N

oL 810gp a:n|0 1 6p (z,|0)

n=1

0] % product differentiationg S}, 7|& 4lof oy st

op(z,|0) 0 -2 -1 1 _ Ty—1 _
o, 9%, Tk (27) 72 det(Xg) "2 exp 2(&;,” ) X (e, — py)
1 _ _ _
= (el 20 (5 ) (57 = 57 @ = (e )5
ﬂ_i 1 Op(x,|0)
Oy = p(xnld) 0%y

N
_ Z TN (20 | g, X)) B ) <_;) (0 =2 M@ — ) (2 — i) TS5

K
n=1 Zj:l ﬂjN(wnmj’ by

=Tnk
L X
= 52 =S @ — ) (@n — ) T E)
) - N
= —*Z L ZTnk +—= E (Z Tnk mn - )(ch - Hk)T> E};l
H,_/ =1

=Nj
o] % derivateo] 00] = 23S closed form solution©.& 8 4= glrk.

N
new 1
Y= Ny Z Pk (T — ) (@0 — py) "

n=1

3. Updating the Mixture Weights

mixture weighto] et update= H= A o= ¥ 4 ek o N2 tlo]g o 7j4=o]al, N,
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(a) GMM density and individual components (b) GMM density and individual components

prior to updating the mixture weights. after updating the mixture weights.

o)==t 3} Zro] =& 4= QItt. responsiblity 2] &§Ho] 10]2}= constraint7} £A| 5} 2 2, lagrange multiplier

method® Eafl 2418 Aejai thg3} 2t

(z>

k=1

K K
Zlog N(zp |y, Zr) + A <Z7rk - 1)
k=1

n=1 k=1

O] mixture weighto] 3l differentiates}H ct2x} Zct

oL iv: wn|“k12k) + A
87% ne1 J 1 jN(:cn“"jv j)
N
:iz WkN($n|Nk72k> _"_)\:&_A,_)\
T A N (@l ) T

0] % derivate 008 71l AefstH tha Zrt.

T — ———

A

2 YK N, = Nol guatt.

K K

Ny, N
SETEDENES S S
k=1 k:l)\ A
new Ni,
T _N

gga35) et ZE o] 743] g 4= 9131, A& © 2 mixture weightE updated 4= 1ttt o|uf responsibility
= 10
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17.2.3. EM algorithm

EM algorithm-2 mixture model, latent variable model 59|42 MLE/MAPE
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S 93} iterative schemeo|t}. o] t}-&ut ZHe AL HEE A 85t g a]Z o
}ﬂﬂqLok%ﬂﬂihk¢Eﬁ%ﬂ£ZJ

2. E-step: T‘ixﬂg uk,zk,ﬂkﬂ &l ﬂ glofe

l

2, 1f] stepo]| 4] likelihood
likelihood W+ parameter% Stol5f] mtsiot.

th)

A& 2-835) responsibility S 3t}

o mp
r&"

—

S TN (T |y, Zi)
Y N (x|, 2))

3. M-step: @A 9] responsibility S 23| wu,, X, xS updatedtct.

1 X
K = mzrnkmn

n=1

N
new 1 new new
X = mzwk(m = ™) (@n — )’

Ny

=N
responsiblityo]] s &= otoll uy., X, 7t BT EA5]A] closed form solutione 92 4 1ith EM
algorithm< #-8H-S U’H closed form solutione €& 4 JAAH AL uy, Xk, mis LANA A< FHI5H,

iterativest | BLs7] T}

Figure 11.9 0
Tllustration of the 10°
EM algorithm for 5

fitting a Gaussian X . S
mixture model with a8 0 e "
three components to o g

B

a two-dimensional _5 ¥
dataset. (a) Dataset;

(b) negative i
log-likelihood =10 5 .'" 5 10 0 20 o mw'&l‘\“ 60
(lower is better) as

a function of the EM
iterations. The red
dots indicate the
iterations for which
the mixture
components of the
corresponding GMM
fits are shown in (c) .
through (f). The -
yellow discs indicate

the means of the ~10 =5 0 5 10 ~10 =5 0 5 10
Gaussian mixture n n
components. (¢) EM initialization. (d) EM after one iteration.
Figure 11.10(a)
shows the final 1 1
GMM fit.

6 10°

Negative log-likelihood

(a) Dataset. (b) Negative log-likelihood.

—1% 5 0 5 10 RRAT) 5 0 5 10

ry ry

(e) EM after 10 iterations. (f) EM after 62 iterations.

WA o= latent variable perspectiver. A S}FAHF & 2] 6FA] ¢FQfTh.
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18. Classification with SVM

B Zro A= SVME &85t binary classification ZA|of sl &otEth = classification errorg 4 3kel=

predictor f : RP — {—1,+1}2 2= AL 7] BHog

stk olulo] {1, +1}e] 7F 914

£ Negative Class®}

Positive Classztal gt}

18.1. Classification with SVM

18.1.1. Classification with SVM

1. SVM

SVM(Support Vector Machine)2 to]E| o] thgt classification/regressionS $-9§5l= H|of AS-EH+=
supervised learning &1 2]Z 0 2 spaceo]| Al A2 thE classE & BT & = _47‘4_4 hyperplaneg 2=
e 1 BHo sith SVMoA L= 7|5letd o=z 7‘43—;}01 function predlctor ‘1_40}_1_1 o]2 ERMOo 2
5473 S}5H= A O 2 binary classification® & 4 ¢Jt}h. =, binary classificationo]| A T classE 2 separate
Sh= hyperplane—':’— Zr=

continous optimizationo| Al A g]gt AA Y hyperplanel f : RP? — R, f(z) = (w,z) + b = wlz + bo|
A o} Z-E affine space2 7 2] Tt

{z eR” | f(z) =0}

2. Positive/Negative Side
qkeF 9] 0] 9] vector v, € RP7} F01% & ], ©]& hyperplane(affine space) 9]2] & v 9]— scalingS 4=
scalar aol] 95l v, = v/, + « Hw\lg} Zro] orthogonal@t & vector?] g+o 2 vlehd 4= 9t

2] 9] 9] vector x € RDOﬂ sl f(x)o] B5of wat si vector?} positive sideo]] R1=A], negative sideo]|
UEA7E BAHEH. v & foll ¥l Ao f(va) = aflw||7t HAL, adll 9Js)| f(ve) o] F27F 2 HEH. 5,
flx)o] F22 hyperplaneoﬂ sl old sideo]] EAlst=A15 B 4= Ut

Z N9 z, € RPSl Hlo]€ ¢} 1 label y,, € {—1,+1}2 FAH dlo]€Al {(z1, 1),
Stk Al thg 22l whet 2 glolH ol Hisl] th2o] A-SHES classifiers SHEAl m}

(@n,yn) b A

(w,z,)+b>0 when y,=+1
(w,z,) +b<0 when y,=-1

shite] 402 Heshe oheat 2t

Figure 12.1
Example 2D data,
illustrating the
[ ] intuition of data
:.‘ where we can find a
s ° .. . linear classifier that
8 ... °e separates orange
° P crosses from blue
e ‘ discs.
Qe® ® { °
0g 0O L4
e 4 ]
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18.2. Primal SVM

18.2.1. Hard Margin SVM

1. Margin

SA o AR | vector v, € RPE v, = v +aparE R W 4 9tk o] uf 2,9} hyperplane 7+] distance
£ AZ}sE 4 9131, hyperplaned} 7} 717ke- glolg] 719] distanceES Margino|gt1l shH, r2 E7|SHh
margine distance®| L2 r > 00|t} FA1 2, -3 TH A @/, & vector2 HH hyperplane $]of QA &2
Zo|gtal 2245 4= 9l =1, hyperplane affine space®| B2 % 0 & o|3||5}jof Sht.

2. Scaling for Calculating Distance
hyperplane (w, ) + b = 0°f Y3}, scalar ¢ > 0& —E};?} (cw, x) +bc = 0 S 5L hyperplanes LHEFHTY
SEARE 71E9] A2 f(ma) = af[w|[VH], & HT ol TN f(za) = aoflcw|| = acl|w|| &=, HA| = distance
7} et A "t o]of whet hyperplane¥}t9] distance s A4S wjolli= o 271 9] w, bell ] Al4F: AQ1A]
scaling2 df|oF gttt

] = 12 constraint® 7148} scale TAe 2 ek, SHAT o] A ST 4 wol Azt o)2H4l0]
lagrange multiplier methode R R dlfferentlateol' ofj AAto] o]H YR = A7 APt o]of whet
o3 2ol marging 2 & ot |w| = 12 F= contraintE A|ASIL, w' = 202 7]ES wE
AR H, 442 Ao BH o] A marging 2|4 0}% AL |w|| =12 F= A% &49] 5

(w, ) +b=1

va = v+ ey & o8 AA BeISHA rlw] = 17 = [k Bk S, of constraintt= v 1 Zel
marging H—lnp_i Sh= A3 2

Figure 12.5
Derivation of the

. 1
margmn: r = ——.
g Teo

3. Hard Margin SVM

]3] candidiate hyperplane o] to]E(positive/negative example ®5F FE3}H)2}O] marging X 3}sl=
hyperplane©] 7} -2 hyperplaneo|2tal A71ek 4= Qltt. Hard Margin SVM-2 th5 443} ZHo] g o] §
Alo] Mgz o g2 Be]7} 7155tc= Z (linearly separable)2 7FA 35, scale2 11354 th& JJr 2L training
ObJGCtlvea 2=t &, HlolEl7} hyperplaneo] Jsff ¢hd3] E2)E & o1& o, dlo]g o P 9] WellA
marging Z|tjs}etet.
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1
min f||'w||2
w,b 2
——

margin

subject to  y,((w,x,) +b) > 1

data fitting

margin®] I TtHH class complexity7} ¥il, st&0] o] 4= 9Jth

tlolB7t g Ao r FeER] e -9+ oFell 9] soft margin SVMoA 4w H 2},

Figure 12.6
° (a) Linearly
® g separable and
[ B
r) °® (b) non-linearly
.. ° separable data.
~ L) .‘ _ [ X )
b Sl ¢ “es
®e0 °
[ ] [ ]
0"% [ X J [ ]
PR . ok 8°%
[ ] [ ]
[ ] [ ]
o.. 00 ¢ b et
® . ] ° o o
) 20
(a) Linearly separable data, with a large (b) Non-linearly separable data

margin

18.2.2. Soft Margin SVM

1. Geometric View

Soft Margin SVM<2 f|o|g|7} A Ao 72 B E]z] o= AFSl7Z] classification2 QEFS}SHH, hard mar-
gin SVM} &2 classification error(margin W51} wrong side]] Q1= 74-$)E 5|83ttt o] 9 & HlolH
(T, yn) Ol - %= non-negative scalar?l Slack Variable £-& AF-g-Stct.

o|tj C' > 0¢] Cx= Regularization Parameter 2, margin¥} 24| slack variable 7+2] tradeoftS &% ¢tc}. TSt
margin term ||w||?*= Regularizer®, regularizationg 2-835}= @17} 9t} C7F 29 regularizationo] &
#-8¥)0] marging o7} ABE wol £91517] E)3, C7} Ao Bo| 4Eo] o strictalA] A teI.
Z, margin maximization< regularization.© 2 o|s|& 4= )t

N
1 2
min - [lw|?+C
min o lwl| n:1€n

subject to  y,((w,x,) +b) >1—-¢§,
§7L 2 0

= o2 I8} ol 7 £ A classification errorE HHstal, o]& XA S}SIE 2 F7F2 minimization
problemo]| §}© 2 7}ttt
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Figure 12.7 Soft
margin SVM allows
examples to be
within the margin or
on the wrong side of
the hyperplane. The
slack variable &
measures the
distance of a
positive example

x4+ to the positive
margin hyperplane

(w, ) +b=1
when x4 is on the
wrong side.

2. Loss Function View
oA T2 A A9 hyperplane th-23 Zo] A o] Hrt. loss function viewo| A& Th23 22 functiono] T3]
loss function2 A 2]5}l11, ERM2 &85} 4 9] function2 ZH=

f(®) = (w,x) + b

loss function© 2= Hinge Loss& AFE3Ith o]+ th31} o] AHolHtt &) (w,x) + b %k°] margino] s
SHE 12 Hol7h e loss7h 0] ohu7] HAL, hyperplaned Hold W% sidem 245 loss7h o
At

£(t) = max{0,1 —t} where t=yf(x)=y({w,z)+Db)

olE H dot 7| A E7|5HH that g

1 >
E(t):{o %ft/l

1—-¢t ift<1

3 loss function2 AFRS| th-237} -2 unconstrained optimizationg & 4 ¢It}. gradient descent 502
AL 7Hsditr ol Ljw|2e regularlzatlon term © 2 F7}E| QT geometric viewe} B3-S o] AFAAF
FAe ojn|o] 2490 A & 4 9]

N
mln f||wH2 +CZmaX{0 1 —y,((w,x,) +b)}

n=1

regularizer
error term

18.3. Dual SVM

oA g wot bE ARESl A o7t SVMZ Primal SVMol2tal sh=t, o] ¢ w+= H°o|¥ @, shapeo] &1,
olo] wra} feature?] 7§47} oL} H parameter®] 74 EIF AP A 0 2 Sojdth Dual SVML feature?] 74
of vlgot =S shi= th4l, Hlo]ejAle] Z7]of vl §it}. o]+= high dimension Hlo|E o] PCAE A-83 wj
OEE ZAA ™, HoleAle] A7| Bt feature®] Zi47F EA ©2 9ol f-&5tth E7E Fof A ““ﬂ"é kernelg
H5% 5 A Hobe 4R Ak

A ofl= convex hull viewkE QA9+ A 2o}2] &Fefct.
18.3.1. Dual Optimization Problem of SVM
o237} ZHo] soft margin SVMe]| t)st optimization problem-2 & 234 9]t}
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1 N
. 2
min §||'wH —i—C;EH

w,b,§

subject to  y,((w,x,) +b) >1-¢,
&n 20

lagrange multiplier method& AF&6HH lagrangian< o231} ZHch

n=1

S(wvbagvav )—*HIUHQ-I-CZ&L Zan yn w :13”>+b _1+€n Z’Yngn
n=1 n=1

N
oL
——w' —Zanynwz =0

ow

oL Al
%:_Zanynzo
(‘?52 =C—-ap,—7=0

olo] wef wi Thewt o] AT 2 9L, ol HA| wrt Blo]E o] T linear combination©.Z 74
Hobes AE ougttt. olnf oy, = 00f] sfie '5} HlolH 52 24 9] w(hyperplane)E "support'shA] gt=t,
a, > 0°] Fst= o] BEL "support"shil, ©] vectorsS2 Support Vectorghil Stct.

N
w = § AnYn Ly
n=1

TSt AEshH o231 Zo] soft margin SVMef t)gt dual optimization problem-2 FtA4g 4= QIth. o|H A
A01EI819] 21839 parumeterE S ot RAR WD 3 SIeF (ool DT i FeloA )
o] I4-& 53l %2 2] Dual Parameter a,--- ,ay= 7oM'H w, b +& 4 Qi

N

L NN
moitn 522yiyjaiaj<wi,:cj>—2ai

i=1 j=1 i=1
N
subject to Zylaz =0

0<a; <C forall i=1,...,N.

W Aol = kernel¥} numerical solution®] Tt Y-8 &= QX9+ A2 sF#] &ofct.
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